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Abstract

In this thesis we study various variants of word growth in finitely generated groups,
focussing on conjugacy growth. For virtually abelian groups, we prove that the
conjugacy growth series, coset growth series (for any subgroup) and relative growth
series of any subgroup are rational for any choice of finite weighted generating set.
We draw together work of Stoll and Babenko to produce asymptotic estimates of
the conjugacy growth of class 2 nilpotent groups whose derived subgroup is infinite
cyclic. These results have implications for the associated series. We also study the
Baumslag-Solitar groups of the form BS(1, k), proving that they have transcendental
conjugacy growth series with respect to their standard generating sets, providing
explicit formulae for their conjugacy growth series, and calculating their growth

rates.
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Chapter 1

Introduction

This thesis is in the general area of geometric and combinatorial group theory, which
grew out of the work of Dehn and others, who studied groups via their presentations
by generators and relations. More recent approaches study groups by viewing them
as metric spaces, or through their actions on other spaces. This is a rapidly growing
area drawing together algebra, geometry, low-dimensional topology, dynamics, and
formal language theory.

For a group presentation G = (S | R), we denote by S* the set of words over the
generators (i.e. the free monoid on §). We view the pair (G, S) as a metric space by
constructing its Cayley graph, whose vertices are in bijection with the elements of
the group, with edges between vertices whenever one element can be reached from
the other via right multiplication by a generator. If the generating set S is finite
and inverse-closed, we can consider the (undirected) graph with the natural metric
where each edge has length 1.

A natural quantity to count is the number of group elements that can be ‘spelled’
with words in S* of length up to n. Equivalently, this is the number of vertices in
the metric ball of radius n in the Cayley graph. The growth function f: N — N
encodes precisely this information. A loose interpretation is that groups with slower
growth function are ‘smaller than’ groups with faster growth function (although all
finitely generated infinite groups are countable). A key result is that, up to bounded
scaling, the growth function is a group invariant: it does not depend on the choice of
finite generating set. Furthermore, it is a geometric invariant in the sense that it is

invariant under quasi-isometry, in particular under passing to finite-index subgroups.
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The asymptotic behaviour of the growth function has been studied since at least
the 1960s by Milnor, Wolf, Bass, Guivarc’h and others. One of the highlights is
Gromov’s celebrated result [37] that the groups with polynomial growth are pre-
cisely those that are virtually nilpotent, cementing the link between geometry and
algebraic structure. The growth function may also be exponential (for example the
free group), and it remained an open question whether their existed groups of inter-
mediate growth (strictly between polynomial and exponential) until such a group
was discovered by Grigorchuk [36] in 1980.

We can also consider the generating function associated to 3, which is the formal
power series S(2) = > -,8(n)z". This object is more algebraic in nature and
therefore different questions are appropriate. We are interested in the algebraic
complexity, that is, we look to categorise when S(z) € Q(z), or more generally

when it is algebraic over QQ(z), the field consisting of rational functions of the form

p(2)
q(z

where p and ¢ are polynomials with rational coefficients. One implication of

~—

having rational growth series is that Dehn’s word problem has a solution. That is,
there exists an algorithm that decides whether or not a given word in S* represents
the group identity.

Algebraic complexity is not as thoroughly studied as asymptotics. One of the
difficulties is that unlike the asymptotic behaviour, the algebraic complexity may
depend on the presentation. Stoll [57] has shown that there exist nilpotent groups
possessing both rational and transcendental growth series, depending on the choice
of generating set.

However, in certain cases the complexity is known to be the same for all gener-
ating sets. This can be interpreted as arising from some underlying structure in the
group, rather than just an artefact of the presentation. In 1983, Benson [4] proved
that every virtually abelian group has rational growth series, with respect to any
finite generating set. Around the same time, hyperbolic groups were shown to have
the same property, with credit due to Cannon, Thurston, and Gromov [9] [8] [25] [38].
Much more recently, Duchin and Shapiro [24] have proved that the integer Heisen-
berg group (the free nilpotent group of class 2 on 2 generators) has rational growth
for all generating sets. To the author’s knowledge, there are no other results on

(standard) growth series which hold regardless of generating set. A number of other
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groups are known to have rational growth for some choice of generating set, for ex-
ample the soluble Baumslag-Solitar groups [17], so-called ‘higher Baumslag-Solitar’
groups [55], certain automatic groups, Coxeter groups, some Artin-Tits groups.

One way to view standard growth is to consider the equivalence relation on
S* where words are equivalent whenever they represent the same group element.
We then choose one minimal length word from each equivalence class, and study
the growth of the resulting language. Any other equivalence relation on S* yields a
growth function (and corresponding series) in the same way. With a view to algebraic
relevance, we consider the equivalence relation where words are equivalent whenever
they represent elements in the same coset, for some fixed subgroup, and the relation
where words are equivalent whenever they represent elements of the same conjugacy
class. The corresponding growth functions/series are known as coset growth and
conjugacy growth (denoted Cg(n)) respectively.

We can also restrict ourselves to a subset of the group, and consider the growth
of just the elements (or cosets or conjugacy classes) in this subset, with respect to
the metric inherited from the main group. We refer to this as relative growth. This
thesis deals mostly with conjugacy growth, but also with coset growth and relative
growth.

Conjugacy growth was introduced explicitly by Babenko in [2] in the guise of
counting geodesics on Riemannian manifolds, although Margulis [48] had studied
similar counting problems prior to that. The asymptotics have also been studied by
Coornaert and Knieper [18], Breuillard, Cornulier, Lubotzy and Meiri [6], [5], Guba
and Sapir [40], and Hull and Osin [45].

Turning to the formal power series, Ciobanu and Hermiller [12] used formal
language approaches to study the conjugacy growth series of free and direct prod-
ucts. Ciobanu, Hermiller, Holt, and Rees [13] proved that virtually cyclic groups
always have rational conjugacy growth. Antolin and Ciobanu [1] proved that non-
elementary hyperbolic groups (those which are neither finite nor virtually cyclic)
always have transcendental conjugacy growth. This verifies a conjecture of Rivin
[53], [54]. More recently, Gekhtmann and Yang [33] have shown that all relatively
hyperbolic groups, and some acyclindrically hyperbolic groups, have transcenden-

tal conjugacy growth, again with respect to all generating sets. Mercier [49] has



Chapter 1: Introduction

shown that a number of wreath products have transcendental conjugacy growth,
with respect to certain generating sets.

For a useful, if not so recent, survey on the algebraic complexity of various
notions of growth, including those described here, see Gromov and De La Harpe’s
article [35].

We now summarise the content of the rest of the thesis.

In Chapter 2, we introduce the basic definitions and results that we will need.

Chapter 3 is devoted to virtually abelian groups, and based on the author’s
paper [26]. We use the notions of patterns and polyhedral sets, developed by Benson
[4], to study various growth series. A key step here is assigning positive integer
weights to the generators, and working with the weighted length of elements, the
minimal weight of words representing the element. The more familiar case where
the weights are uniformly 1 is a special case of these stronger statements.

Significantly, the results are independent of the choice of finite generating set,
and of the choice of weight function. Let G be a virtually abelian group, with any
choice of finite weighted generating set S, and let H be an arbitrary subgroup. We

prove the following.

Theorem 3.2.1. The set of right cosets H\G has rational weighted growth series.
Theorem 3.3.1. The group G has rational weighted conjugacy growth series.
Theorem 3.4.2. The subgroup H has rational weighted relative growth series.

Chapter 4 deals with certain nilpotent groups of class 2. We draw together
and extend work of Babenko [2] and Stoll [57], making asymptotic estimates of the
conjugacy growth for these groups.

Stoll classifies the class 2 nilpotent groups with infinite cyclic derived subgroup,
using a generalised version of the direct product, known as a centrally amalgamated
direct product. Every such group can be constructed as a quotient of the direct
product of a finite number of copies of the integer Heisenberg group H; (the free
nilpotent group of class 2 on 2 generators). The number of copies of H; is called the
Heisenberg rank, r, of the group. We prove the following generalisation of a result

of Babenko, and its implication for the conjugacy growth series.

Theorem 4.3.3. Let G be a class 2 nilpotent group, with infinite cyclic derived
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subgroup, and let its Heisenberg rank be r > 1. Then there exists s € N such that

) n**slogn r=1
cqg(n) ~
n?rts r>2.

Corollary 4.3.4. If G is a class 2 nilpotent group with infinite cyclic derived
subgroup, with Heisenberg rank equal to 1, then the conjugacy growth series of G is

transcendental (with respect to any finite generating set).
Babenko also proves the following Theorem.

Theorem 4.5.1. If G has a finite index subgroup isomorphic to the Heisenberg

group, then G has cumulative conjugacy growth function equivalent to n?logn.

We provide a proof that broadly follows the ideas given by Babenko but includes

full details. We also have the following implication for the conjugacy growth series.

Corollary 4.5.3. If G has a finite-index subgroup isomorphic to the Heisenberg
group, then G has transcendental conjugacy growth (with respect to any finite gen-

erating set).

We finish Chapter 4 with a brief discussion of free nilpotent groups of class 2,
and provide a counter-example to an unproved claim of Guba and Sapir [40].
Chapter 5 comprises joint work [11] with Laura Ciobanu and Turbo Ho on the

soluble Baumslag-Solitar groups
BS(1,k) = {(a,t | tat™' = a*).

Collins, Edjvet, and Gill [17] have proved that the standard growth series for these
groups is rational with respect to the generating set {a,t}. Building on this work,

we use a mixture of formal language theory and combinatorics to show the following.

Theorem (Corollary 5.3.2). The groups BS(1, k) have transcendental conjugacy

growth series with respect to the generating set {a,t}.

Moreover, we produce precise formulae for the growth series. From these we
obtain the conjugacy growth rate (see Section 2.2.1), and compare with results of

Bucher and Talambutsa [7] to prove the following.

5
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Corollary 5.3.3. The conjugacy and standard growth rates of BS(1, k), with respect

to the generating set {a,t}, are equal.

Chapter 6 contains conjectures, open questions, and suggestions for future

work.



Chapter 2

Preliminaries

We record some basic results that form the background to this work.

2.1 Notation and basic results

We fix some notational conventions. In this thesis, N will contain zero, and we will
write Ny = N\ {0}. If U is a set, we write #U for the cardinality of U.

For an alphabet S (i.e. a finite collection of symbols), we write S* to denote all
words over S, that is the set {s152---s, | s; € S,k € N}. We denote the empty
word by €. If w = s185-- s, € S*, we write |w| = k for the length of the word w.

Suppose we have a group presentation G = (S | R), and w € S* is a word over
the generators. We write w to denote the group element represented by w.

We will use the following standard notation. Write f(n) = O(g(n)) if there is
some C' > 0 for which f(n) < Cg(n) for all large enough n, and f(n) = o(g(n)) if
% — 0 asn — oo.

All groups considered in this thesis will be finitely generated.

The following is standard (see, for example, Mann [47]).

Lemma 2.1.1. Suppose G is finitely generated and contains a finite-index subgroup

H. Then G has a characteristic subgroup N contained in H with [G: N] finite.

Proof. Let

N = ﬂ H'.

[G: H'|=[G: H|
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Clearly this is contained in H. For subgroups X,Y < G, we have (X NY)g =
(Xg) N (Yg). The number of distinct subsets of the form (Xg) N (Yyg) is at most
[G: X][G:Y],and so [G: X NY] < [G: X][G:Y]. Therefore [G: N] is finite, as
finite generation implies there are only finitely many subgroups of index [G: H] in
G.

Suppose ¢ € AutG. Then ¢ maps cosets of H to cosets of ¢(H). It is easy to
see that this is a bijective map, and thus [G: ¢(H)] = [G: H|. Now since ¢ is an

automorphism, it defines a permutation of the set of subgroups of fixed finite index.

Thus if h € N, ¢(h) € N. So N is characteristic, and the lemma is proved. O

2.2 Growth

This section is standard. See, for example, Mann [47] or de la Harpe [19].
Definition 2.2.1. Let G be a group with finite generating set S. Then the word
length of an element g € GG is defined as

l9ls = min{[w| | w € 57, W= g},

Definition 2.2.2. For a group GG with finite generating set S, define the strict and

cumulative growth functions respectively as
® 0gs(n) =#{g € G|lgls =n}

¢ Bas(n)=#{ge€ G |lgls <n}

Definition 2.2.3. Let f,g: N — N be two functions. We write f < ¢ if there exists
A > 1 such that
f(n) < Ag(An) + A

foralln € N. If f < g and g < f then we write f ~ g, and say that the functions

are equivalent.
Write f < gif f < g but f ~ g.

Proposition 2.2.4. Let S and T be two finite generating sets for a group G. Then

Ba,s ~ Bar.
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Thus we may refer to the growth type of a group without ambiguity, and we

have the following obvious trichotomy.

Theorem 2.2.5. For a group G we have ezxactly one of the following:
1. Ba(n) < n? for some d € N,
2. Ba(n) = a™ for some a > 1, or
3. Ba(n) < a® for alla > 1 and Bg(n) = n? for alld € N

We say that G has polynomial, exponential, or intermediate growth, in the situa-

tions above.

Theorem 2.2.6. Let G be some finitely generated group and H a finite-index sub-

group. Then their growth functions are equivalent. That is, we have og ~ oy and

Ba ~ Bu-

Proposition 2.2.7. The free abelian group 7Z° has cumulative growth function equiv-

alent to n®.

Definition 2.2.8. Let U C G be any subset of G. We define the relative cumulative

and strict growth of U as follows:
L4 5Ure1G,S<n) = #{g € G ’ ‘g‘S S n,g € U}

® ourag,s(n) =#{g€ G ||gls =n,g € U}.

Definition 2.2.9. Let H be a subgroup of GG. Define the length of a coset Hg as
|Hg|ls = min{|y|s | v € Hg}. Then we define the corresponding (right) coset growth

as follows:
® Bmas(n) =#{Hg € H\G | |[Hg|s <n}
® omas(n) =#{Hge H\G | |Hg|ls = n}.
One could of course consider the left coset growth symmetrically.

Definition 2.2.10. Let C(G) denote the set of conjugacy classes of G. Then the
length of a conjugacy class k € C is defined as |k|s = min{|g|s | ¢ € k}. Then we

define the cumulative and strict conjugacy growth of GG as follows:

9
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e ccs(n) =#{keC||kls <n}
e sgs(n)=#{rk €C| |kls =n}.

With all of the above growth functions, we may sometimes omit the generating
set, or the group, from the notation when it will not cause confusion.
In the following lemma, we see that the relative growth of a finite-index subgroup

is equivalent to that of its cosets.

Lemma 2.2.11. Let G be a f.g. group with a finite-index subgroup ', and choose a
transversal T'. Then there exists a constant k such that for anyt € T and h € I we
have |h| — k < |[th| < |h| + k (where the length is the length in G).

Proof. By the triangle inequality we have |th| < |t| + |h|. And since h = t~'th, we
also have |h| < [t71 + [th|. Thus |h| — [t7Y < |th| < |h|+|t]. Let k = max{|u| | u €
TUT'}. O

2.2.1 Growth Rate

Definition 2.2.12. Let (a,),en be a non-decreasing sequence of positive integers.

Then the growth rate of a,, is defined as

p = limsup a,.

n—o0

If B(n) is the cumulative standard growth function of a finitely generated group,
then the lim sup is in fact a limit. Write pg where S is the finite generating set in

question.

Remark 2.2.13. The reciprocal of p, that is %, is the radius of convergence of the
generating function ) -, B(n)z".
Definition 2.2.14. If infg{ps | S is a finite generating set of G} > 1, then G is

said to have uniform exponential growth.

Uniform exponential growth is a popular topic of research, see for example de la
Harpe [20], and more recently Kar and Sageev [46]. Breuillard, Cornulier, Lubotzky,
and Meiri have shown [5] that a linear group which is not virtually nilpotent has

uniform exponential conjugacy growth.

10
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2.3 Generating Functions

We write Q[[z]] for the ring of formal power series over a variable z with coefficients

in Q, and Q|z] for the ring of polynomials over z with rational coefficients.

Definition 2.3.1. 1. An element I'(z) € Q[[z]] is said to be rational if it is an
element of the field of fractions of Q[z], denoted Q(z). In other words, there

are polynomials p, ¢ € Q[z] such that I' = ’5’.

2. An elements I'(z) € Q[[z]] is said to be algebraic if it is algebraic over Q|[z]. In
other words, it is the root of some polynomial expression with coefficient from

the ring of polynomials Q|[z].
3. An element I'(z) € Q][z]] is said to be transcendental if it is not algebraic.

We will refer to this classification as the algebraic complexity of T'(z).

Definition 2.3.2. Let «(n) be any of the growth functions defined above. Then we

define the associated growth series of v to be:
L(z) =Y ~(n)z" € Q[[=]].
n=0

We shall study the algebraic complexity of the various growth series for different
classes of finitely generated groups.
The following lemma shows that the distinction between strict and cumulative

growth is unimportant when we are considering algebraic complexity.

Lemma 2.3.3. Let v(n) denote a strict growth function, and §(n) its cumulative
counterpart (i.e. 6(n) = Y7 17(i)). Then the algebraic complexity of 3, ov(n)z"
is the same as that of ), ., 0(n)z".

Proof. The standard formula for the product of generating functions is

Z f(n)=" Zg(n)z” = Z (Z f(k)g(n — k:)) 2",
n=0 n=0 k=0

Letting f(n) =1 for all n we get

o)

1 i B Zg(n)z” = Z (Z g(n — k)) 2" = Z <Z g(k)> 2,

n=0 \k=0

11
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Now since d(n) = Y ,_,v(n), we have

Z5(n)z” | i ~ Zv(n)z”.

So Y d(n)z™ is rational/algebraic/transcendental if and only if > v(n)z" is ratio-

nal/algebraic/transcendental. O

Generating functions are a well-studied topic. Duchin has written a very readable
introduction [23] to generating functions and growth. We use the rigorous treatments
in [34] and [56].

The connections between the asymptotic behaviour and the algebraic complexity
are somewhat subtle. For example, the following is an immediate consequence of

Theorem 4.1.1 of [56].

Proposition 2.3.4. If Y ~(n)z" is rational then y(n) has either polynomial or

exponential growth.

The next result relates to generating functions whose coefficients are in the poly-

nomial range. We first need a definition:

Definition 2.3.5. A function f : N — C is called eventually quasi-polynomial
if there exist some positive integer period N, threshold 7" > 0, and polynomials

fo, f1,--+, fnv—1 so that for all n > T, f(n) = fi(n) whenever n =i mod N.
The following is an immediate consequence of Proposition 4.4.1 of [56].

Proposition 2.3.6. Let y(n) < Cn for some C > 1, d € N. Then Y -v(n)z" is

rational if and only if v(n) is eventually quasi-polynomial.
This has the following application that we will use in Chapter 4.

Corollary 2.3.7. Suppose vy : N — N is non-decreasing and bounded by a polynomial

as above. If 3 ,v(n)2" is rational then « ~ nd for some d € N.

Proof. Proposition 2.3.6 implies that ~ is eventually quasi-polynomial, say with
polynomials g, ...,y as in the definition. The degree of each ~; is at least the
degree of ;1 (since large enough n would violate the non-decreasing assumption).

But since these polynomials cycle, the degree of 7y must be at least the degree of

12
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vn- So they all have the same degree, say d. So 7 cycles between finitely many

polynomials, all equivalent to n?, and so y(n) ~ n. ]

We list two more results on series that we will need.

Proposition 2.3.8 (Stoll, Proposition 3.3 of [57]). Let I'(z) = > .v(n)2" €
Q|[[z]], and suppose that lim,, % = a. Then if a is an irrational (resp. transcen-

dental) number then T'(2) is irrational (resp. transcendental) as a series.

Theorem 2.3.9 (Fatou [28]). A series Y a,2" € Z|[[z]] that converges inside the

unit disk is either rational or transcendental.

2.4 General results on conjugacy growth

We now detail some essential background results regarding conjugacy growth. Firstly,

conjugacy growth type is a group property.

Proposition 2.4.1. Let S and T be two finite generating sets of a group G. Then

cg,s ~ Cq,T-

Proof. Let Ay = max{|s|r | s € S} and Ay = max{|t|s | ¢ € T}. Suppose |g]
is a conjugacy class of G with |[g]ls = n. That is, there is some v € G and
$1,82,...,8, € S with ygy™! = sy189-+-s,. Then |vgy |7 < Ain and so |[g]|r <
Aillg]ls- A symmetrical argument gives |[g]|s < As|[g]|r. Let A = max{A;, As}.
Now if |[g]ls < n then |[g]lr < An, and so cgs(n) < cgr(An). Symmetrically,

car(n) < (An) and so we have cgr(5n) < cas(n) < cgr(An). O

On the other hand, conjugacy growth is not a geometric property. That is to
say, passing to a finite-index subgroup may not preserve the asymptotic behaviour,
unlike standard growth. Hull and Osin [45] exhibit a finitely generated group with
exponential conjugacy growth possessing a finite-index subgroup with only two con-
jugacy classes (and hence the minimum possible conjugacy growth for a non-trivial
group).

The following is stated without proof in [47] (Proposition 17.11).

13
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Proposition 2.4.2. Let G be generated by S and H be generated by T. Then the
direct product G x H is generated by S UT and their spherical conjugacy growth

series satisfy the following:

oo (0.) 0.0]

n
E SGxHSuT E SGS Z : E SH,T(”)Z
n=0 n=0 n=0

Proof. Let g € G and h € H and suppose |[g]|s = n and |[h]|r = m. So their exist
elements v € G and 0 € H, and generators si,...s, € S, t1,...,t,, € T, so that

vgy ' =s1---5, and 6hd~! =t;---t,,. In the direct product we then have

Yoy 10he T = ybghé iy

and so |[gh]|sur < n+m = [[g]ls + |[A]|r-
On the other hand, let gh € G x H and suppose |[gh]|sur = [. So there exists an

element zy € G x H with xyghy 'z™! = w us - - - ;. Rearranging, we have xgz ! -
yhy ! = sy spty -+ t,, for some n,m € N with [ = n +m. Thus zgz~! =s;...5,
and yhy™' = t; -+t so |[g]ls < n and |[h]|7 < m, and we have |[g]|s + |[h]|r <

|lghllsur- So llghllsur = [lg]ls + |[h]]z.

Now if |[gh]|sur = n then there exists 0 < i < n with |[g]|s = @ and |[h]|r = n—1;
and conversely if |[g]|s = [ and |[h]|r = m then |[gh]|sur = [+ m. So sgxu sur(n)

is precisely the number of pairs of conjugacy classes whose lengths sum to n, thus
saxu(n ZSGS t)SHr (n —1).

Finally, we have

||
]2
VR
||'M:

3

95}

=

~

3

|
~

N

E SGxH, SUT
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Chapter 2: Preliminaries

Turning to cumulative growth, we have the following.
Lemma 2.4.3. Let G and H be finitely generated groups. Then cgxmg ~ ¢q - CH-

Proof. First, note that for (g, h) € G x H we have

[(g,1)] = {(g. )™ | (x,9) € G x H} ={(g",h¥) | (z,y) € G x H} = [g] x [h].

Now if |[(g, h)]|sur < n then there exists (z,y) € G x H with (z,y)(g,h)(z,y)™' =
uyug - - -y for some u; € SUT, I < n. Rearranging, we find elements s1,...,s, € S

and t1,...,t, € T, with l; + [, = [, so that

(17955_17 ygy_l) =81 Sty .

Therefore |xgz s <1y <nand lygy 7 <l < n,and so |[g]ls < n and |[h]|7 < n.
Thus coxu(n) < cg(n) - cg(n).

Conversely, suppose |[g]|s < n and |[h]|s < n. Then there are elements v € G and
§ € H such that |[ygy~ts < n and |6hd |7 < n, so [(ygy™t, 0™ |sur < 2n. But
(vgy~, 0h6Y) = (7,0)(g, h)(7,8)~! and so |[(g, h)]|sur < 2n. Thus cg(n) - cy(n) <

caxm(2n), giving the required result. H

The following two lemmas appear in [6], the first without proof.

Lemma 2.4.4 (Lemma 3.1 (1) of [6]). Let H be a quotient of G. Then cy(n) <
cg(n).

Proof. Let 0: G — H denote the natural homomorphism. Choose a finite, inverse-
closed, generating set S for G which contains the identity. Then 6(S) is a finite
generating set for H. Suppose h € H has length at most n with respect to 6(95).
Then there exist oy, ...,0, € S such that h = 60(0y)---0(0,). Then g:=0y---0, €
G is a lift of h, with |g|s < n.

Suppose g; and g, are conjugate elements of G, say g; = vgyy ™' for some v € G.
Then 6(g;) = 0(7)0(g2)0(v)~" € H. So if hy, hy are non-conjugate in H, any pair of
lifts in G' must be non-conjugate.

Since there are cpg(s)(n) non-conjugate elements in H, of length at most n, there

must be at least this number of non-conjugate elements in GG, with lengths at most

n, i.e. cuos)(n) < cas(n). O
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Chapter 2: Preliminaries

Lemma 2.4.5 (Lemma 3.1 (2) of [6]). Let H be a finite-index subgroup of G. Then

cg R Cq-

Proof. Let k = |G : H|, and suppose that S C G is a finite symmetric generating
set. It is standard (see for example [47, Chapter 2|) that there exists a subset S C G
that is a finite symmetric generating set for H, all of whose elements are of length at

most 2k —1. Thus By & ( ) C B¢ s(n). So by definition of ¢y g/, Bg s contains a

1
subset Y of size cy g (%L_l), consisting of pairwise non- H-conjugate elements. Now
passing to G-conjugation can only reduce the number of pairwise non-conjugate
elements by a factor of k. So Y contains at least %CHVS/ (%"—_1) pairwise non-G-
conjugate elements. Thus there are at least this many pairwise non-G-conjugate
n

elements in Bg g(n), i.e. %cHﬁf (m) < ¢g,s(n), which gives the result. O

2.5 Formal Language Theory

One of the standard ways to study the algebraic complexity of growth series is via
formal language theory. We will need the following background in Chapter 5. A

standard source is [44].

Definition 2.5.1. Let V be a set of variables (usually denoted by upper case letters),
and 7 a set of terminals (usually denoted by lower case letters). A context-free

grammar consists of a finite set of production rules of the form
V—w |we | | w,

where V' € V, each w; € (VU T)*, and the | symbol stands for exclusive ‘or’. We

nominate one variable to be the starting variable.

A context-free grammar produces a language in the following way. Start at the
nominated starting variable, and perform substitutions according to the production
rules, until the word consists only of terminals. The language L C T* of all words
that can be produced from the grammar is called a context-free language. If each
word is only produced in one way (i.e. via a unique sequence of production rules)

then the language is called unambiguous context-free.

16



Chapter 2: Preliminaries
Theorem 2.5.2 (Chomsky-Schiitzenberger [10]). If L is an unambiguous context-
free language, its growth series is algebraic.

There is a method for explicitly calculating the series, known as the DSV method,
which is as follows. A useful exposition can be found in [15]. Convert the grammar

into a system of equations by replacing:
e the empty word e with the integer 1,
e cach terminal with the formal variable z,
e cach variable V' with a function V'(z),
e the or | with addition +,
e concatenation with multiplication,
e the production arrow with =.

Solving the system of equations for the initial variable then gives the growth series,

an algebraic function of z.

Remark 2.5.3. There is a subclass of the context-free languages called regular lan-
guages, whose growth series are always rational. Many of the existing rationality
results in the growth of groups rely in reqular languages. However we will not use

them in this thesis.

17



Chapter 3

Virtually Abelian Groups

This chapter is based on the author’s paper [26]. In it, we focus on the formal power
series associated to various growth functions in virtually abelian groups. Benson [4]
proved that the standard growth series is rational with respect to all generating sets.
We generalise and extend his arguments to show that the power series associated
to coset growth, conjugacy growth, and relative growth of certain subsets are all
rational (see Theorem 3.2.1, Theorem 3.3.1, and Theorem 3.4.1 respectively). The
author wishes to thank the anonymous referee’s comments regarding presentation
and clarity of the vectors and matrices within this chapter.

In this chapter, we will always be considering a (finitely generated) virtually
abelian group G. Any abelian subgroup of finite index will also be finitely generated,
so it has the form Z" x T for some r € N, and finite abelian 7. So G is also virtually
Z". By Lemma 2.1.1, there is a normal, finite-index subgroup of GG contained in Z"
(which is therefore free abelian). So from now on we will assume that G contains
Z™ as a finite-index normal subgroup, for some n € N,. Unless otherwise stated,
we will let d = [G: Z"]. Finally, we will write X for the transpose of a vector or
matrix X.

The asymptotic behaviour of conjugacy growth is well-understood, as we can see

in the following Proposition.

Proposition 3.0.1. The (cumulative) standard and conjugacy growth functions of

a virtually abelian group G are equivalent.

Proof. By Theorem 2.2.6 and Proposition 2.2.7, we have 3¢(n) ~ n?, and so cg(n) <

n? (since conjugacy growth is clearly bounded above by standard growth). On the

18



Chapter 3: Virtually Abelian Groups

other hand, Lemma 2.4.4 gives cq(n) = cy(n) ~ Bu(n) ~ n? (since a conjugacy

class in an abelian group is simply an element). Therefore cg(n) ~ n¢ ~ Bg(n). O

3.1 Definitions and basic results

3.1.1 Patterns

For the remainder of the chapter we work with strict growth functions. Here we
follow [4]. Choose a finite monoid generating set ¥. A function w: ¥ — N, will be
called a weight function. We extend this to w: ¥* — N, so that w(s1sy--- ) =
w(s1) + w(s2) + -+ + w(s;) for any word sysq---s;. Define the weight of a group
element as

w(g) = min{w(w) | w € ¥*, w = g}.

If w(s) =1 for all s € ¥, this gives the usual notion of word length.

Now consider an extended generating set S = Sy.

Definition 3.1.1. With X as above, let
S ={s189--sp | s, €%, 1<k <d}. (3.1)

The weight of a generator s;55--- s € S is defined with respect to our original
weight function: w(sise---s5) = >, w(s;). Thus the weight of an element with
respect to the new weighted generating set .S is equal to its weight with respect to
>, and so the respective weighted growth series are equal.

We need the following important observation.

Lemma 3.1.2. Any product g1gs - - - gr of elements in G, where k > d, must contain

a subproduct gei1--- g5 € 2.

Proof. Consider the products g1, g1g2, up to g19s - - - gx. There are k of these, and
there are d cosets in G/Z", so if k > d, some pair of these products must be in
the same coset, say gi1g2---¢; and g1g2---g; with 7 > 4. That is g1g2--- ;2" =
9192 - - ¢;Z", and so giy19i42---g; € Z". If k = d, and each subproduct is in a

distinct coset, one of the subproducts must be in Z", the identity coset. O

19



Chapter 3: Virtually Abelian Groups

Definition 3.1.3. Write X := SNZ" = {z1,...,x,}and Y := S\ (SNZ") =
{y1,...,ys}, and call any word in Y* a pattern.

Note that by Lemma 3.1.2, any element of S of the form s;---s; contains a
subword s;5;11--+8, € Z". And since s;5;11---8, € S by definition, X is always

non-empty.

Definition 3.1.4. Let patt: S — Y be the map

e ifs;eX
patt: s; —

Si ifSZ'GY

This extends to a monoid homomorphism patt: S* — Y* which records those
generators in a word which are not contained in Z". For w € S* we call patt(w) the

pattern of w.

There are of course infinitely many patterns in Y*. We now prove that, with
respect to the generating set S, we only need finitely many to describe minimal-

weight representatives for all elements of G.

Proposition 3.1.5 (Proposition 11.3 of [4]). Suppose g € G. Then there exists a

manimal weight word w € S*, with a pattern of length at most d, such that w = g.

To prove the proposition, we introduce a new property of words. Let L be a
positive integer. Then for a word w € S*, define the height, u, to be the sum of

the length of its pattern and the weight of its pattern multiplied by L:
pr(w) = w(patt(w))L + [patt(w)g .

We say a word in S* has minimal height if it has minimal p; over all words that
represent the same element. Next, we show that if a minimal weight word contains

an adjacent pair of elements of Y, then it cannot have minimal height.

Lemma 3.1.6. Suppose s and t are elements of Y, and st is a minimal weight word
representing an element g € G. Then there exists u € S* that represents g with

w(u) = w(g), such that pup(st) > pp(u), for all L > |g|s.
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Proof. We have pup(st) = w(patt(st))L + |patt(st)|q = w(st)L + |st|g = w(g)L + 2.
Let sisy---s; and sj415j42 -5, be minimal weight words in »* that represent s
and t respectively.

Suppose that & < d. Then u := s1---5;5;41 -5, € 5, and is a minimal weight
representative for g. It may be the case that u € Z™. If so, patt(u) is the empty
word and so pup(u) =0 < w(g)L+2 = pg(st). If not, then patt(u) = v and we have
pr(u) =w(w)L+1=w(g)L+1 <w(g)L+2. Soin both cases u is a minimal weight
word representing g that has strictly smaller height than st.

Now suppose k& > d. By Lemma 3.1.2, there is some subproduct of length at most
d, say Sei1Se42 - Sy, that represents an element of Z". Let v = scy1Seq2---5f € 5.
The word s ---S.0sf41-- -5 is a minimal weight representative for g (of length
e+ 1+ k— f). Since the function patt cannot increase weights, and all non-empty

words have positive weight, we have
w(patt(sy -« Sevsfp1 - 8k)) S w(sy--SvUsppr - sk) = w(g) —w(v) <w(g) — 1.
Similarly, patt cannot increase lengths, so
[patt(sy - - scvsprr- - se)lg = [patt(sy - sesprr- - si)lg
S s1-SeSpp1-csplg=e+k— [
We have e — f < 0, and by hypothesis £ < L. So the height can be bounded above:
n(s1 - sevspineosi) < (Wig) = DL+ e+ k- f < wlg)l — L+k < w(g)L

and so we have again found a minimal weight word that represents g with strictly

smaller height than st. O]

Proof of Proposition 3.1.5. Let L = max{|st|y | s,t € Y'}. Choose o =1ty ---t; € S*
which is a minimal weight representative for g, and such that ¢ has minimal height
pr, amongst all minimal weight representatives for g (such a word always exists but
may not be unique). We show that the pattern of this word has length at most d.
Suppose on the contrary that [ := |patt(c)|s > d, and say the [ elements of Y’
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appearing in o are t;,,t;,, - - - ,t; (in that order). By Lemma (3.1.6), the assumption
that o has minimal height means that none of the ¢;, can be adjacent (otherwise we
could find another minimal weight representative for g with smaller height).

Now consider the product

(ti1 e tiz—l)(tiz oo 'ti3—1) T (tid e tid+1—1)'

By Lemma (3.1.2) some sub-product must be in Z", say (¢;, - -t;,,,—1) - (ti, - -t

i if+1—1)’
for 1 < e < f < d < I. Rearrange this into a product of just two things:
(ti, = ti;)(ti;41--ti; ., —1). The second factor is in Z" since it lies between con-
secutive elements of patt(c), and so the first factor must be in Z" as well. Therefore
these two factors commute, and we can switch them in o without changing the weight

or height. This leaves a word where ¢;, is adjacent to ¢ But this contradicts

UESE

Lemma (3.1.6), so [ is at most d. O
This leads us to make the following definition.

Definition 3.1.7. For a virtually abelian group G, let P be the finite set of patterns

of length at most d with respect to the extended generating set S:

P:={reY"||n|g <d}.

We have seen that, given any finite generating set Y, we can pass to an extended
generating set S while preserving the weighted length of all group elements. From
now on, we will implicitly work with S, and make essential use of the fact (via
Proposition 3.1.5) that any g € G can be represented by a minimal weight word

with a pattern in the finite set P.

3.1.2 Structure constants for computing standard forms

Definition 3.1.8. For a pattern m = v;,¥;, - - - y;, of length k, define the set of

m-patterned words in S* as

T w1 w Wr41 w2 W2r41 Wer4+1 Wy,
W _{‘rl T Y T T i Ty © YTy BN T |wj€N}‘
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Any group element represented by a word with pattern 7 can be represented by
a word in W7 (since powers of elements of X commute). For a fixed pattern =, W7
is in one-to-one correspondence with non-negative integer vectors of length kr + r.
We define m(w) = kr +r. When it is clear which pattern this refers to, we will just

write m.

Definition 3.1.9. Define a map ¢: W™ — N™ via

wq

wi | Wr41 | wgr W2r+1 Wrkr4+1 || o Wkptr — Wa
Ty T, Y T Yia Ty Yir L1 Ly )

W,

which records the powers of the generators contained in Z". For w € W™, write

W := p(w), and for a subset V' C W7 write
V= p(V) € N™.

Note that ¢ is a bijection.

Let w € W™ with the above form. Then the weight of w is given by

T

w(w) = Z Zw Ti)Wjrti + Z w(yi;) (3.2)

7=0 =1

Let T' C G be a choice of representatives for the cosets Z"\G. We can then
express an element of G uniquely as (a1, ...,a,)"t for a; € Z, t € T. In order to

pass from a patterned word to this standard form, we introduce some constants.

Notation 3.1.10. For each z; € X, let z; = (21, 225, - - -, Zns) | € Z", and define the

n X r matrix

7 =

[’Zﬂ]l<g<n 1<i<r — Ty T2 0 T )

=J L x>

which encodes the abelian part of the generating set.
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We then have
w1y
etay? =2 | eZ” (3.3)
Wr
for any powers w; € N.
Now we encode conjugation of elements of Z™ via matrix multiplication. Let
e; € Z" be the ith standard basis vector, and y, € Y. Then ykeiyk_l € Z" <G, and

we will let ykeiyk_l = (Y1iksV2iks - -+ Ynig) for each 1 < i < n, y, € Y. Define the

n X n matrix

) T
—Yre1Y, ——
-1
Yk€2Y.
Iy = [7ji,k]1§i7j§n =
Ykenly ——
Then
aq ai
(05} _ as
ye |y =Tk | (3.4)
Qp, (7%

for any y, € Y, a; € Z.
So we can express powers of the x; generators as vectors in Z™, and we can move

powers of g past such vectors by using the identity yx (a1, ..., a,) = Tr(as, ..., an) ys.

For the word

w1 W2 Wr41 w2y W2r41 Wir41

_ w Wi
W =T Ty '”xrryilxl T T T Yy YT C Ty e

?

we can use the identities (3.3) and (3.4) to move all the y; generators to the right,

modifying the powers of x; as we go, without changing the element that is repre-

sented. Thus

w1 Wr41 Wkr+1
w=<Z|:|+T,Z| +oe+ 0, 1 7 : i (3.5)

Wy Way W,
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To express this more compactly, we introduce further notation.

Definition 3.1.11. Consider the n x m matrix formed by placing the matrices Z,
I, 2, 11,7 ... next to each other. The transposes of the rows of this new matrix

are m-dimensional vectors which we will call AT as follows:

— (A —

Definition 3.1.12. The word 7 itself represents some element of G, so we introduce
integers BT so that we can write 7 in the standard form given by the choice of coset

representatives as

fort, eT.

Now we may rewrite equation (3.5) using scalar products as

AT @ Br
AT -0 Br
W= o+ tr (3.6)
| \47-w By |

So words in W7 represent the same element of G if and only if the scalar products

of the corresponding vectors with the ATs agree.

Remark 3.1.13. We emphasise that AT € ", Bl € Z, and t, € G are constant
in the sense that they depend only on the pattern w. In particular, any two words

with the same pattern represent elements of the same coset.

Definition 3.1.14. For a pattern @ = y;, - - -y;, of length &, let AT, € N™ record
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the weights of the z; generators, ordered as follows:

AT = (W), w(w2), .., w(Ey), . w(@),w(s), . .. ,u)(%))T

N

TV
r weights, repeated k41 times, giving an m-dimensional vector

Furthermore, let B, record the weight of the word =, i.e.

k
Bz+1 = Zw<ylj)
j=1
We can then express equation (3.2) more compactly using a scalar product:

We now have a collection of vectors AT and integers B which together put words

in W7 into the chosen standard form.

3.1.3 Structure constants for testing conjugacy

In what follows we introduce notation that we will need to prove Theorem 3.3.1. As
above, we fix a transversal T for Z"\G.

In a similar manner to above, we encode conjugation of an element

a1
cZ"a1G

Qn

by some other element of G via multiplication by a matrix. Let ¢ € T', and e; be
the ith standard basis vector in Z". Then te;t~' € Z" by normality. Let te;t™! =
(81ity 020ty - - - Oniz) , and write A, for the n x n matrix [0;;]1<;i j<, Whose columns

are te;t—'. Then we have

for any a; € Z.

26



Chapter 3: Virtually Abelian Groups

Fix a pattern 7. Recall the matrices Z, and I'; for each element y; € Y. If

w1 w2 w Wr41  Wr42 w2 Wir4+1 w s
W=T7 Ty X, Y Ty Ly T Yyt Y T cexm e W

consider the group element twt=! for t € T. With A, as defined above, equation
(3.5) yields

w1y Wr41
twt = dNZ | [+ ADZ| [+
W Way
Wkr41
+ ALy, T2 | twt ! (3.8)
Wiy,

We make definitions analogous to 3.1.11 and 3.1.12 above.

Definition 3.1.15. For each pattern 7, and ¢ € T, place the matrix products in

order and define m-dimensional vectors A7, as follows

7(A71T,t)T7
_ (AT -

( 2.’t) = ( AtZ ‘ Atrjlz ‘ e ‘ Atrjl o F]kZ ) '
—(Ar ) —

Now we can express equation (3.8) in terms of scalar products:

T e
Afy - w

-
A3, W

twt ! = twt L.

- -
An,t "W

Definition 3.1.16. We have 7t~ = s for some s € T, v € Z". This = depends
only on m and t. Write x = (B{:t, e ,B,’;t)T.
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Thus we have
i - v
Al,t tw Bl,t

T - iy
A2,t Tw " B2,t

twt™ ! = s. (3.9)

™ It ™
. An,t tw Bn,t )

Now we have a collection of vectors that we can use to test whether two words
represent conjugate elements (provided we know that their coset representatives are

conjugate). The following Lemma makes this precise.

Lemma 3.1.17. Let v € W™ and w € W* for patterns m and p, and let t € T'.
Then v = twt— ' if and only if

1. @ and tut~! are in the same Z"-coset, and
2. A7 -0+ Bff = A, - + By, for each 1 <i <.

Proof. From equation (3.6) we have
7= {(Af-w,Ag-w,...,Ag-w)T+ (Bf,Bg,...,Bj{)T}tw.
From equation (3.9) we have
ot = {(Agﬁt i, AL, A i) 4 (Bl B, ,Bgﬁt)T} s
where s is determined by the element tfit~!, and the result follows. O]

3.1.4 Polyhedral Sets

The following definition and results follow Benson’s work [4]. However, the ideas
appear in model theory as early as Presburger [52]. Results regarding rationality
can be found in [21], and the ideas appear in the theory of Igusa local zeta functions
(see [16]). These last are linked to subgroup growth [39], a different notion of growth

in groups not considered in this thesis.

Definition 3.1.18. Let m € N, , and let - denote the Euclidean scalar product.

Then for any uw € Z™, a € Z, b € N,:

28



Chapter 3: Virtually Abelian Groups

1. an elementary set is any subset of Z™ of the form {z € Z™ | u -z = a},

{z€Z" |u-z>a},or {z€Z™|u-2z=a mod b},
2. a basic polyhedral set is any finite intersection of elementary sets,

3. a polyhedral set is any finite union of basic polyhedral sets.

If P C Z™ is polyhedral and additionally P C N™, we call P a positive polyhedral

set.
We record some crucial facts about polyhedral sets.

Proposition 3.1.19 (Proposition 13.1 of [4]). Polyhedral sets in Z™ are closed

under finite unions, finite intersections, and set complement.

Proposition 3.1.20 (Propositions 13.7 and 13.8 of [4]). Let £: Z™ — Z™ be an
integral affine transformation (for some m,m’ > 0). That is, there is some m' x m
matriz with integer entries and some q¢ € Z™ such that Ep)=Ap+q forpeZ™.
If P CZ™ is a polyhedral set then E(P) C Z™ is a polyhedral set. If Q C Z™ is a
polyhedral set then the preimage E71(Q) C Z™ is a polyhedral set.

We note that projection onto any subset of the coordinates of Z™ is an integral
affine transformation.

Let P C N™ be a positive polyhedral set. Given some choice of weights (w1, ..., wn)

for the coordinates of N™, we assign the weight > 1", a;w; to the vector (a1, ..., a,)" €

P. Define
op(n) =#{p € P |w(p) =n},

and the resulting weighted growth series
Sp(z) = Z o5 (n)z".
n=0

Proposition 3.1.21 (Proposition 14.1 of [4], and Lemma 7.5 of [21]). If P is a

positive polyhedral set, the weighted growth series S$(z) is a rational function.
We will need the following Lemma concerning polyhedral sets.

Lemma 3.1.22. Let P be a polyhedral subset of Z™ for some m > 1. Suppose there
exist polyhedral sets Xy,..., Xy C Z™ such that P C Ule X;. Then there exist
polyhedral sets Y; C X; for each i such that Y;NY; =0 fori# j and P = Ule Y;.
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Proof. We induct on k. Consider £ = 1, i.e. P C X;. Let Y; = PN X;, which is
polyhedral as an intersection of polyhedral sets. In other words P = Y;.

Now assume the statement is true for some k£ > 1. Let P be some polyhedral set,
with polyhedral sets X, ..., X;11 such that P C Uf;l X;. Consider the polyhedral

set

k
=1

Now since Q C Ule X, the inductive hypothesis gives polyhedral sets Y; C X, for
1 <i<ksuchthat Y;NY; =0 for each i # j, 1 <i,j <k, and

Now let Y11 = P\ Q, also a polyhedral set. We have Y;,,1NQ =), and Y;,1 C Xj 14

(since the X;s cover P and Yj1 does not intersect Q), and by definition
k+1
P=QUYi = JV.
i=1

So the statement holds for £ + 1. ]

3.1.5 N-fold patterns

We develop a framework for dealing with N-tuples of patterned words for some

N eN,.

Definition 3.1.23. Let ) be any set of patterns (for a virtually abelian group with

some choice of finite generating set). Let N be a positive integer. An N-fold pattern

will be an N-tuple of patterns from Q. We will write m = (7, o, ..., mn) € QY.
Given an N-fold pattern w = (71, ma,...,my), write W7 for the set of N-tuples

of words with patterns given by mw. More precisely,
WT = {(w(l),w(Q),...,w(N)) ‘w(i) eWm 1<:i< N} :

Let m(mw) = Y . m(m;). As above, we extract the powers of the z; generators with

respect to each pattern and note that elements of W™ are in one-to-one correspon-
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dence with vectors in N™(™) via

(WD, w™)

o™

In the following Lemma, we show that if we have a polyhedral set of N-tuples
in N™(™) we can extract a minimal-weight element of each tuple, in a manner that

preserves rational growth.

Lemma 3.1.24. Let G be virtually abelian, generated by S, with weight function w.
Fiz some N-fold pattern w = (my,m,...,mn). Let V. .C WT. ]f7 is a polyhedral
set then there exists a language L C S* in one-to-one correspondence with V' such
that L consists of exactly one element w € {vy,...,vn}, for each (vi,...,on5) €V,
with w(w) < w(v;) for each 1 < i < N, and such that L has rational weighted growth

series.

Proof. Let
X,(m) = {(w(l),...,w(N)) € W“|w (w(j)) <w (w(’“)) ,1<k< N}

be those elements in W™ where the jth component word has minimal weight. For

each 7, define the m(m)-dimensional vector D™ as follows:

\

Zf:_ll m(m;) zeros

J

D™ = | ATk

e m(my) rows

\

Zfikﬂ m(7;) zeros

Then for some N-tuple of words (w(l), o w®W )) € W7, whose corresponding vector

is € N™™ we have D™ - 2= AT% | - W,
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For w € W™ and w’ € W™ equation (3.7) implies that
ww) <w(w') & An-‘,—l W+ Bn-l—l Apky 0"+ BRt .
Therefore we have

X, () = (| {FeN"™ |D%.2+ By, <D™ 7+ B,
1<k<N
k#j

M {ZeN"™ | (D% - D™).2< B, - B,
1<k<N
[y
Thus each Xj(ﬂ'; is a polyhedral subset of N™(™) (since it is a finite intersection of
elementary sets). Since every N- tuple in V' must have at least one minimal-weight

element, we have 7 C U ) Lemma 3.1.22 then gives us polyhedral sets
Y}(ﬂ'j C X; () for each j which are pairwise disjoint, and such that V= szl Y;(m .

Let p;: N™™) — N™() be the projection onto just the coordinates correspond-
ing to the jth component of the N-tuple. Since images of polyhedral sets under
projections are still polyhedral by Proposition 3.1.20, we have N polyhedral sets of
the form pj(m), each corresponding to a collection of words which are minimal-
weight representatives for their N-tuple, and each growing rationally with respect
to the generators of G (by Proposition 3.1.21). Since the ?js are disjoint, and
cover 7, the union of these polyhedral sets corresponds to a language of unique,

minimal-weight representatives for V', which grows rationally. [

3.1.6 Dickson’s Lemma

In what follows we will need a version of Dickson’s Lemma.

Definition 3.1.25. Let H = {H;,...,H,,} be a basis for Z™. Define an ordering
on Z™ by comparing the components pairwise. That is, v >y w iff H; -v > H; - w

for all 7.

Note that this is a partial order, but not a total order. Consider the following

€; 1€1
class of bases. Let I C {1,2,...,m} be any subset. Then define H! = )
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Let H! = {HI,... H!}, which is a basis for Z™. The following is a version of

Dickson’s Lemma (see [22]):

Lemma 3.1.26. Given some subset I C {1,...,m} as above, let Q7' = {v € Z™ |
v >pr (0,...,0)} be the ‘non-negative’ quadrant with respect to the H!-ordering.
Then any subset, V'™, of Q7' contains a finite subset U with the property that for
each v € V™ there exists some u € U with v >y u. In other words, every subset of

Q7T has only a finite number of minimal elements.
To prove this, we need the following Lemma:

Lemma 3.1.27. Given I C {1,...,m}, any infinite sequence of vectors in Q7 C Z™

has in infinite, non-decreasing subsequence, with respect to H'.

Proof. We proceed by induction on m. For m = 1, H' is either {1} or {—1}. In
the positive case @} consists of the non-negative integers, and the ordering is the
usual one. Given a sequence {a;};eny C V, obtain a non-decreasing subsequence by
omitting those a; for which there is some j < ¢ with a; > a,. This is infinite since
the original sequence can only decrease to zero, and at worst we have an infinite
sequence of zeros. In the negative case, a >y o if and only if a < d/, and Q1 is the
non-positive integers. The same argument with flipped directions gives the required
subsequence.
m+1

Now assume that the statement is true for Z™. Consider Q7" with respect to

a basis H!. Let

{ai}iEN = {(ail’ aév s ’ajn—i-l)}iEN
be an infinite sequence in Q?LH. The projection of each term of the sequence onto

the first m coordinates forms an infinite sequence in Q7', where J = I\ {m + 1}
(which may equal I). By the inductive hypothesis this sequence has an infinite

subsequence of non-decreasing terms with respect to H”, say
{aj}jGN - {(aljva’ZJ? s 7anjw>}j€N'

The corresponding infinite sequence {a’ +1}jen then has an infinite subsequence
of terms that are non-decreasing with respect to the m + 1th basis vector in H'

(which is 1 or —1 according to whether or not m + 1 € I). Call this subsequence
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{a;% 1 }ren. We then take the infinite sequence {(ay*, ..., a5 }ren C V™!, which
is non-decreasing with respect to H?, proving the lemma. O

Proof of Lemma 3.1.26. Suppose that the set of minimal elements U is not finite.
No pair of these elements is comparable, since otherwise we could omit the one which
was greater and still have a set of minimal elements. Since U C Z™ is countable,
we can think of it as an infinite sequence. But then Lemma 3.1.27 gives an infinite
subsequence of elements that are non-decreasing, so in particular can be compared

pairwise. This is a contradiction, therefore U is finite. m

3.2 Coset Growth series

In this section we demonstrate the following:

Theorem 3.2.1. Let G be a virtually abelian group with any choice of finite, weighted
generating set S, and H any subgroup of G. Then the set of right cosets H\G has

rational weighted growth series with respect to S.

This is proved in two parts. Firstly, we generalise the main result of [4] to show
that if a subgroup F' is contained in a finite index abelian subgroup of G then there
exists a language of minimal representatives for the cosets of F' in G that grows
rationally.

Secondly, for a general subgroup H, its intersection F'(H) with the finite index
abelian subgroup of G is abelian, and of finite index in H. So we consider the
language of minimal representatives for the cosets of F'(H) in GG, and from these we
choose a language of representatives for the cosets of H. We show that this language
can be chosen so that it grows rationally.

The first step is the following special case of Theorem 3.2.1.

Theorem 3.2.2. Let G be a wvirtually abelian group, with any choice of finite
weighted generating set S, and with finite index normal subgroup Z". If F is a
subgroup of G contained in Z", then the weighted growth of F\G with respect to S

1s rational.

Theorem 1.2 of [4] is the case where F is the trivial group. The proof given here

follows a similar structure to that in [4]. For each pattern m € P, we establish an
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ordering on the words of W™ which respects their weight, and use this to find a
polyhedral set of minimal representatives for the cosets that intersect W=. We then
show that the overlaps between these sets are also polyhedral, so can be removed
while preserving rationality. Note that if F' has finite index in G, F\G is finite and
so the growth series is a polynomial, and so trivially rational. From now on we
assume that F' has infinite index in G, and hence [Z": F] is also infinite.

We first establish a criterion for when two words represent elements of the same
F-coset. We will again use the vectors A7,..., AT (of dimension m(x)), AY,..., A¥

n

(of dimension m(u)) and integers BT, ..., BT, and BY{ ..., B, of Section 3.1.
Proposition 3.2.3. Let v € W™, w € WH, for some patterns w,ju. Let F' < Z" be

of rank f <mn, with basis {by,by,..., by} CZ". Thenv and w are in the same coset
of Fin G if and only if

1. ™ and @ are in the same coset of Z™ in G, and

2. there exist integers ay, ..., ay such that

f

J=1

for each 1 < i <n (where e; as usual denotes the ith standard basis vector in
Z").
Proof. Recall (see (3.6)) that the group elements represented by v and w are given
by

n

7= {(A] 9. A7 -5 AT )+ (BB B} €

and

w = {(A} -, Ay @ Al d) T+ (BE B, B M€ G

respectively, where ¢, and ¢, are the chosen representatives for the cosets Z"7 and
7.

Now two words v,w represent elements of the same F-coset if and only if
v(w)~! € F. This is equivalent to the existence of integer coefficients ay, ..., a;

such that

U(@)_l = Z ajbj.

J=1
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Suppose that our words v and w do represent the same F-coset. Since Fg C Z"g

for any g € G, v and w represent the same Z"-coset, so t, = t,, which is precisely

)
condition (1).
We have

E(m)_l = {(A71r777A72TUv7a277)T+(B¥7B§77B77’:)T}t7T

o Ay Ay AT - (BB, BT

= (AT -G+ BT — A} -w— Bl ... AT -G+ BT — A" . — B") T,
Thus

f
(AT - T+ Bf — A{ - — BY,... AL -G+ B — All-ii— Bl) =) a;b; € 7",
j=1

which is equivalent to condition (2).

Conversely, if v and w satisfy the conditions, then ¢, = ¢, and so
f
v(w) " = (A7 -0+ B} — A @ - BY,... AT -0+ Bf — Al -ii— BT =) a;b
j=1

ie. v(w)teF. O
We note the following special case, when 7 = p.

Corollary 3.2.4. Let v,w € W™, F < Z™ with rank f and basis {by,bs,...,bs} C
Z". Thenv andw are in the same F'-coset if and only if there exist integers ay,...ay

so that
AT (T—T) =¢; - Zajbj

Jj=1

for each 1 <i <n.

We now build a polyhedral set of minimal weight coset representatives, for each

pattern w. The following is a modification of the arguments in Section 6 of [4].

Proposition 3.2.5. Fiz a pattern m € P, and with F' an infinite index subgroup of

Z" <G, consider the set (F\G)™ of right cosets which contain an element represented
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by a word in W7, i.e.
(F\G)" ={Fge F\G | FgnW= #(}.

Then there exists a set Vi C WT consisting of minimal-weight (amongst W7 ) rep-
—>
resentatives for every coset in (F\G)™, with the property that Vi is a polyhedral

set.

Proof. We will define an ordering on words in W™ that is consistent with the weight
ordering, and yields a unique minimal representative for each coset in (F\G)".

Fix a basis {by,...,bs} for F. So that this proof applies in full generality, in
the case that F'is the trivial group we set b; to be the zero vector and consider the
‘basis’ {b1}. Recall the vectors A7,..., AT ., € Z™. Choose standard basis vectors
AT oyt
Z™ (and so K = n +m). Note that m > 1 since m = (k4 1)|X| and X = SNZ"

, A% so that {A7. ..., A%} consists of m linearly independent vectors in

is non-empty (see Definition 3.1.3). Define an order on the words of W™ as follows.
We will write v <, w if and only if either v = w or there exist integers a, ..., ay,

and 0 <4 < m such that

Ap - (V—W) =€y ab;, for 1 <k <mn,
j=1

Ap - (U—w) =0, forn+1<k<n+i, and

AT (T =) > 0.

We show that this is a partial order on W7. Firstly, note that the ordering is reflexive
by definition. Next, we show transitivity. Suppose u,v,w € W™ with u <, v <, w.

If u=wv or v = w then clearly u <, w, so suppose u # v # w. So we have integers
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a, ... agp,ay...,ay and 0 <47 < m with

Af - (@—7V)=e,- Y ajb;, for1 <k<n,
j=1

Ap - (u—0v)=0, forn+1<k<n-+i, and

and

f
Az-(ﬁ—w):ek-Za;bj, for 1 <k <n,

J=1

N
>3
—
<y

|
g
SN—

|

0, forn+1<k<n+i, and

Then for 0 < k <n we have

f
Af - (il — W) = Af - (i — ) + A} - (T — @) = e - Y _(a; + a))b;

J=1

by linearity of the scalar product. Furthermore, A7 - (¢ — @) =0forn+1 <k <
min(é,4") and AJ - (d—w) > 0 for k = min(é,4'), and thus v <, w, so <, is transitive.
For antisymmetry, note that if v <, w and w <, v then either v = w or we must
have A7 - (0 — @) = A} - (W — ¥) = 0 for each n +1 < k < K, and since the
corresponding A7s consist of m linearly independent elements of Z™, we must have
U =, i.e. v = w. Thus the order is a well-defined partial order (although not a
total order).

If we restrict ourselves to the words representing a single F-coset (understanding
‘F-coset’ to mean ‘element’ when F is trivial), this becomes a well-ordering. To see
this, suppose we have an infinite descending chain of words in W™ that represent

the same coset:

wq wa227r"'~
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Since A7 € N™ for k > n and w; € N for all 7, the sequences
ATy > AT iy > -

for each k > n consist of non-negative integers and so must stabilize, say after i,
steps. Let imax = max,<p<i(ig). Then A} - w; . = A} - W, +; for any positive
integer j, and all n < k < K. Therefore since the m vectors A} for k > n are

linearly independent, w; ., = and the sequence stabilizes. Note that two

Winax +j
words representing the same coset can always be compared under <, since Corollary
3.2.4 implies there are integers ay, ..., as satisfying the definition. Thus there is a
unique < -minimal word in W7 that represents each coset in (F'\G)".

Note that if v <; w then AT, -7 < A7, - and so w(v) < w(w). Thus the
unique <,-minimal element in W™ that represents a given F'-coset is also a minimal

weight coset representative (amongst W7). Let VZ denote the set of all <, -minimal

representatives in W7, that is
Vi i ={we W™ |Ifve W™ st. v € Fw then w <, v}. (3.10)

To finish the proof, we need to show that V7 corresponds to a polyhedral set in Z™.

An element 7 € Z™ will be called a translation (with respect to F', m) if there
exist integers a;,...,ay and 0 < ¢ < K — n such that A} -7 = ¢ - Zle a;b; for
1<k<nand

™ _ AT — ™

Let T denote the set of all such translations. Suppose v,w € W™. Then it is clear
that w € Fv with w <, v if and only if there exists some 7 € T with v = w+7. The
set T is contained in Z™. Consider 7 N Q; for some I C {1,...,m}. By Lemma
3.1.26, there exists a finite set 7; C T N Q; such that each element 7 € 7 N @ has
a bound 7y € 7T such that 79 <; 7. Let Tmin = U; 77, the union of the minimal

translations across all orthants. We now claim that

Vi=N"\ | (r+N7),

TETmin

It is not hard to see that this is a polyhedral set, which proves the Proposition.
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To see the claim, first suppose that v € VF but v ¢ N™ \ J .

min

(T +N"). So
v € T+ N™ for some 7 € Tin, i.e. ¥ =7 + w for some w € N™. This implies that
there is some w € W™ which shares an F'-coset with v such that w <, v. But this
implies that v is not minimal, contradicting the assumption that v € V.

Conversely, suppose that 7€ N\ |J, .- (7 +N") and v ¢ VF. So there exists

some 7 € T and vy € VI, with ¥ = v + 7 and 7y € Fv. In other words v — 7 is
a translation. Choose I so that v — vy € J;, and then 79 € T so that 79 < ¥ — vj.
We claim that v — 19 € N, i.e. ¥ € 19+ N™, contradicting our assumption. Indeed,
fori € I we have e; - 19 < e; 7,80 ¢€;- (U—19) > ¢ - (U—7)=¢e; -7 >0, and for

i ¢ I we have e; - (U —19) > e; - (—79) > 0. So for all i, e; - (¥ — 79) > 0, and hence

¥ — 7 € N™ as claimed. ]

Since Fg C Z"g for any g € GG, any two words that represent the same F-coset
must lie in the same Z"-coset. So we consider each Z"-coset separately. Section 3.1
tells us that for a given Z"-coset, say Z"t for t € T, there is a finite set of patterns
P;, over the extended generating set S , whose patterned sets contain representatives
for all the elements of the coset (and no other cosets). We take the corresponding
polyhedral sets ‘71?) from equation (3.10) for each m € P,, and combine them to find
a language of representatives for the F-cosets within Z"t. We may have pairs of
words with different patterns that both represent the same coset, but we only wish
to count the minimal one. To prove Theorem 3.2.2, we show that these overlaps

—)
between the Vs are polyhedral, so can be removed without losing rationality.

Definition 3.2.6. Let 7, € P, for some ¢t € T. Define the set R™" (resp. RI'*)
consisting of all those elements of VZ where there is an element of V£ of strictly

smaller (resp. equal) weight that represents the same coset:
R™ .={v e VI |JueVE ue Fr, wu)<w()}
RI*:={veVi|JueVE ueFu, wlu)=w)}.

We need to discard all of R™* for every pair m # u, since we only want minimal
words. If there exist two or more minimal weight representatives for the same coset

with equal weight, we must choose exactly one and discard the rest. We make the
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following definition.

Definition 3.2.7. Pick a total order on the finite set P;, denoted m; < w9 < ---.
Let
R = Vi \

Urm ol R

itk j<k

So U¥ consists of those minimal-weight coset representatives in W™ where there
are no representatives of the same coset with smaller weight and a different pattern,
and wherever there are multiple representatives with equal weight we choose based

on the order on P;.

Proof of Theorem 3.2.2. We claim that U—;?Z C N™™ is a polyhedral set for each
7. Then the disjoint union of the sets Uz* for each m, € P, and each t € T, is a
finite disjoint union of rationally growing languages, forming a set of minimal weight
representatives for the cosets F'\G, which will prove the Theorem.

To prove that U—;’Z is polyhedral, it is enough to show that W and @) are
polyhedral for any m, u, since U? is then obtained from polyhedral sets via finite
unions and set complement, so is itself polyhedral.

Let 1; € Z*""2%/ be the vector with a 1 at the jth entry and zeroes everywhere

else. Define the vectors

2n + 2 zeroes

/' \

Ei=1;, 14,1+ | —¢;- by

f rows

/

foreach 1 <7 <n,and let E,;1 = 1,41 — 1o,12. Then define the polyhedral sets

B = (V{6 €72 |6 Bi= 0} {6 € T2 [ 6 Byt > 0}

i=1
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and

>, ;:ﬂ{gbeZz"*?”Iqb-E,-:O}ﬂ{gbeZz"*Hf|¢'En+1:0}-
=1

__>
Let £™: VI — Z™*! denote the integral affine transformation

Af - + BY
B AT 15 + B
E™: W '

iy - s
An+1 W+ By

H
for any pattern m (and write (€™)7'X for the preimage in V7 of any X C Z"™).

For any k' > k, write py: Z¥ — Z* for the projection onto the first k& coordinates.

We will show that
B = () o [(£0D) < VD) Npania(@)] . 311)

which is a polyhedral set since projection is an affine transformation. Indeed, sup-
pose that v € R™". So there exists u € V£ such that © € F7 and w(u) < w(v). By
Corollary 3.2.4, there exist integers ay, ..., ar such that
f
A7 T+ Bf — (Al G+ Bl =e¢;- Y _asb;

j=1
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for each 1 <i <n,and A7, - U+ Bl , > Al + B/ ,. In other words

AT -G+ BT
A3 -0+ B

Ag+1'17+Bg+1
Al i+ BY

p - p
An—l—l U+ By
a1
ar

and hence (E7(¥),EM(U)) € pans2(P), so U is contained in the right hand side of

(3.11).
Conversely, let 7 € N™™ be contained in the right hand side of (3.11). Thus

E(5) € pusn [(E7(VE) x E*(V)) 1 ool @)]
so there exists z € Z"! with
(7). 2) € (£(VE) x €"(VE)) N paaa(®).

That is, there exists u € V& with z = (AY - @+ BY,..., AL, -4+ B, )" and

there exist integers ay,...,a; such that (€™(70),z,a1,...,a5)" € ®, and together
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this means that
AT -G+ BT
AT .G+ BT

Al v+ Bry
Al a4+ By
Ay -d+ BY € .

" - 1
An-i—l U+ By

ai

afr

From the definition of ®, this implies that

AT - v+ Bl — (AY -4+ BY) :ei'zf:ajbj
j=1
for each 1 <i<nand AT, -0+ B}, > A, -d+ Bl . Sov € Vj and there
exists u € VA with @ € Fv and w(u) < w(v), i.e. v € R™* and so R has the
polyhedral form (3.11) as claimed.
In an exactly analogous way,

REF = (€7 pua [ (£ (V) x (V) ) M panal@2)]

*

]

We now use the previous result to prove Theorem 3.2.1, that is, to show that
for an arbitrary subgroup H < G, the set of right cosets H\G has rational growth
with respect to any choice of weighted generating set for G. The proof relies on the
understanding of the structure of subgroups in Lemma 3.4.4 and the rationality of

coset growth for free abelian subgroups in Theorem 3.2.2.

Proof of Theorem 3.2.1. First, we consider the coset structure of G. Let Z™ be the
maximal free abelian normal subgroup of G. Then we have H NZ" <« H, with finite

index ¢ < d. Fix a choice of transversal {hq, ..., h.} for the cosets (H NZ")\H. As
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in Lemma 3.4.4, we extend this to a transversal for Z"\G, write T' = {t,...,tq} 2
{h1,...,hc}. Suppose that the free abelian group H NZ™ has rank f, and fix a basis
{by,....,bs} CZ".

Consider a coset Hg € H\G. Following the above discussion, we may decompose
H as the finite union of its H N Z"-cosets. We may also write g = (g1, ..., g,) "t for

some ¢; € Z and t € T. Therefore

. (251
Hg=<U(HmZ”)hj> e

i=1
In

Since H N Z" is also a subgroup of G, contained in Z", Theorem 3.2.2 provides a
minimal weight representative for each coset of HNZ" in G of the form (H NZ")h;g,
and therefore a collection of ¢ candidates for a minimal-weight representative for
Hg, since the minimal-weight representative for Hg is one of the ¢ minimal-weight
representatives for the cosets (H NZ")h;g. We will express these candidates as c-
tuples of words, (whose patterns together make c-fold patterns, see Section 3.1.5),
and show that they correspond to polyhedral sets, from which rationality will follow.

Fix a c-fold pattern w = (m,...,m.) € P° (recalling the definition of P from
Definition 3.1.7), and define

Vim) = {(wh,...,w9) € Uty x -+ x Ufiy | (3.12)
Jg € G s.t. wd) € (HNZ")hyg, 1< j < c},

where U, is the set of minimal representatives for the cosets of H NZ" in G as

defined in Definition 3.2.7, where H NZ" plays the role of F'. Each element of V()
consists of a c-tuple of candidates for a minimal weight representative of some coset
Hg. By Lemma 3.1.24, if V(T; is polyhedral then there is a language £, of minimal
representatives for those cosets represented by V' (), which grows rationally. Every
element of G has a minimal-weight representative with a pattern in P (by definition
of P), and so in particular every coset has a minimal-weight representative with
pattern in P, and is therefore represented in some V(7). Thus the union | J, . pe L

forms a language of minimal weight representatives for the set of cosets H\G. Since
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P¢ is finite, this union is a finite union of polyhedral sets, and thus has rational
growth.

We now show that V(—ﬂ'g is indeed a polyhedral set for each w € P¢, which will
complete the proof. For some tuple in V(7), consider the element g as in equation
(3.12). This can be expressed as (gi,...,gn) 't for some g; € Z and t € T.

So we can decompose V() as a finite union (J,., V (7, t) where

V<7T7t) = {(w(l)v s 7w(C)) S IZIOZ" X X ;ICFTZ" |

Jg € Z't s.t. wd) € (HNZMhjg, 1< j < c}.

We wish to write an element of (H N Z")h;(g1,...,9,) ¢t in the standard form
defined in section 3.1.1. Recall from section 3.1.3 that for any element s € T, we
have a matrix A, so that s(a;,...,a,) s™t = Ay(ay,...,a,)" for any integers a;.
For two coset representatives s,t € T', their product st will not necessarily be in 7.
So let x € Z™ and 7 € T be such that st = x47g.

Now suppose that

g1 g1
vewnzyn | P ltcm ||t
9 9n
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So there exist integers /\gj), e )\Ecj), so that

a1
! i g2
v = (Z /\Ej)bk> h; t
k=1
dn
51
f
; g2
= [ D a6+ 2n, | 77| | Byt
k=1
gn
g1
f
; 92
= Z/\]E;j)bk + A | T e | Tyt
k=1 :
Gn

which is in the standard form. Thus for w9 € W™ we have w\) € (H N Z")hjg

for some g = (g1,...,g,) "t if and only if

1. there exists /\,(Cj) € Z for each 1 < k < f such that

AN o
Agj : m B;j ! () 92
+ . = )‘k bk + Ahj + xhjt;
: : k=1
Azt ) \ By g
and
2. Z(:7rj = Thjlf;
(where T; = (By’,...,Bn’)"tr, as before). The first condition can be restated as
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follows. There exists )\,(cj ) € Z for each 1 < k < f such that

(251

f
AT w0 B =, S0+ A | |+

J
k=1

gn

for each 1 <7 <nand 1 < j <c. This can be re-written as

g1
ST ! g2 ﬂ.
Ai] . w(J + Z )\k(—ei . bk) — €; - Ahj . = —Bij +eé; - «rhjt‘ (313)
k=1 :
In

Then we may rewrite V (7, t) as follows.

V(m,t)={(wW,...,0w9) € Uy x - x Uity |3(g1,-..,90)" €27,

)\g) € Z", s.t. each w') satisfies (3.13) for each 1 <1 < n}
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For a fixed 7 and t € T, we define vectors L} € Z™™+/etn a5 follows:

3\

0
S m(n;) zeroes
0 )
AT m(m;) rows
. \
D hejr1 m(;) zeroes
0
. \
L = : f(4 —1) zeroes
0 )
—e; - by )
f rows
—e; - by )
. \
f(ec—j) zeroes
0 )

—1;Ap; ) nrows

where 1;A;; is the matrix product of the row vector with 1 at the ith position and
zeroes elsewhere, and Ay, .

Now, noting that

g1 231
LA, - e e+ | Ap, o ,
Gn gn
we see that a c-tuple of words (w(l), e ,w(c)) satisfies (3.13) for some ¢ precisely

when there exists v € Z™™+fetn guch that

. -
Lg ~U:—Bij +€i'xhjt
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and Py (v) = <uﬁ, e ,E) € Z™™ . Therefore we have

Cc

V(m,t) = P(m) (ﬂ {v e Zmmtfetn | Lf w=—B" +¢- :vhjt}) ,

j=1i=1

which is a positive polyhedral subset of Z™™) . Now since finite unions of polyhedral
sets are polyhedral, V(Tl’; = U,er V(. ) is polyhedral, which proves the Theorem.
O

Benson’s result that virtually abelian groups have rational weighted growth series
with respect to all generating sets follows from the following special case of Theorem

3.2.1.

Theorem 3.2.8 (Theorem 1.2 of [4]). Let G be a virtually abelian group, with any
choice of finite weighted generating set S. For each pattern m € P, with P as in def-
inition 3.1.7, there exists a set U™ C S* such that (7 C N™™) s polyhedral, and the
disjoint union | J,..p U™ forms a language of unique minimal-weight representatives

for the elements of G.

Since the z; generators in U™ correspond to the coordinates of N™(™  and the
_>

contribution from the y; generators is constant within U™, rational growth of U™
(in the sense of Proposition 3.1.21) implies rational growth of U™ with respect to S ,

and hence with respect to S.

3.3 Conjugacy Growth Series

In this section we will prove the following.

Theorem 3.3.1. Let G be a virtually abelian group, with finite generating set S,
and weight function w: S — N,. Then the weighted conjugacy growth series of G

with respect to S is rational.

In order to prove this Theorem, we show that the set of conjugacy classes of a
virtually abelian group can be split into an infinite collection of finite classes, and
an infinite collection of infinite classes. For the finite case, [4] gives us a way to find

a minimal representative for each element of the conjugacy class, and express a full
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set of representatives using polyhedral sets. In the infinite case, we express each
conjugacy class as a finite union of cosets of certain subgroups. Section 3.2 gives
us a way to find a minimal representative word for a given coset, and to express a
full set of such representatives using polyhedral sets. We thus find a finite set of
candidates for a unique minimal representative for every conjugacy class (finite or
infinite). This allows us to use Lemma 3.1.24 to extract a single such representative
for each class, so that the polyhedral set description, and thus rational growth, is
preserved.

As above, we assume that G contains Z" as a normal subgroup, with [G: Z"| =
d < oo, and we let T' be a choice of transversal for G/Z" such that 15 € T.

Furthermore, we fix an order on 7"
T = {1t ts5,... ta}.

First, we must understand the structure of conjugacy classes in virtually abelian
groups. Conjugacy classes have different structure depending on whether they are
inside or outside the centralizer of Z", C(Z"). Thus we consider these cases sepa-

rately. Note that if one element of a coset Z"t centralizes Z" then t must centralize
Z™ and hence the whole coset is in Cg(Z"). So both Cg(Z") and G \ Cg(Z") are

unions of Z™-cosets.

3.3.1 Conjugacy classes of elements inside the centralizer of
Z’I’L
Lemma 3.3.2. Let g € Cq(Z"™). Then the conjugacy class of g has size at most d,

and 1s given by

[g] = {tgt ' |t € T} = {g,tagts' ... tagt;'}.

Proof. Let h € G. Then hgh™' = xtgt~'z~! for some v € Z" and t € T. Since the
centralizer of a normal subgroup is itself a normal subgroup, tgt~! centralizes Z",

and so hgh™! = tgt~L. O

Recall the sets U™ of minimal-length representatives for m-patterned words, in-
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troduced in Theorem 3.2.8. Each element of a conjugacy class has a unique minimal-
weight representative, and this is contained in U™ for some 7 € P (recall Definition
3.1.7). So by Lemma 3.3.2, each conjugacy class in Cg(Z™) has at most d candidate
words for a weight minimal representative. A d-tuple of candidates has a d-fold
pattern, the d-dimensional vector where the entries are the patterns of the compo-
nent words of the d-tuple. We will show that for each d-fold pattern in P? the

corresponding set of d-tuples of candidate representatives forms a polyhedral set.

Definition 3.3.3. Fix a d-fold pattern 7 = (71, ma, ..., mq) € P% where 7; € Cq(Z")

for each 7, and tjmt;l € Z"rj for each 2 < j < d. Let

C(m) = {(w(l),...,w(d)) eU™ x - xU™|

wl) = tjw(l)t_

1 .
I foreach2§j§d}.

Remark 3.3.4. Note that each tuple in C(7) corresponds to a conjugacy class, and
(by definition of the sets U™ ) the weight of a conjugacy class is realised by at least

one of the words in the corresponding tuple.
Proposition 3.3.5. For each C(m), the set C(Tl‘; C N™(™) s polyhedral.

Proof. Consider w™) € U™ and w") € U™ where t;m1t;" € Z"7;. By Lemma 3.1.17,

wl) = tjw(l)tj_l if and only if
AT AT 0 = B Bf: (3.14)

for each 1 <7 < n. We express this using linear algebra. Define

m m(my) rows

bty
0
i;é m(my) zeroes
Fm=|
AT | m(r;) rows
0
Zzzjﬂ m(7y) zeroes
0
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.
for each 1 <i < n, 2 < j <d. Then the vector <w(1 ,...,m> satisfies (3.14) for

e

some 7 if and only if

for each 1 <7 <n. Thus

o —(ﬁx'--x(ﬁ)ﬂﬁﬂ{?ezm(“)‘Fj(w)'Z_ij—B’fl_}.

,t5

This is therefore a polyhedral set. O]

3.3.2 Conjugacy classes of elements outside the centralizer

of 7"

We express the conjugacy classes in terms of certain cosets, and use the sets UF
introduced in Definition 3.2.7 to find polyhedral sets of conjugacy class representa-

tives.

Definition 3.3.6. For any v € GG, define the subgroup

F(y)={lz,7] |z €Z"}.
Note that this is indeed a subgroup of G, since if z,y € Z", we have

1

(2, My = 2y gy Ty = ey Iy iy Ty = [y, ).

Furthermore, since Z" is normal, [x,~] € Z", and so F(v) is a subgroup of Z", and

hence is free abelian.

Remark 3.3.7. Let a € Z" and t € T. Then since Z" is normal, [z,at] =

1 1

ratr~'t a7 = ztz7 't taa™ = [x,t]. So F(v) depends only on the Z"-coset that ~

is contained in. Thus if w € W™ then F(w) = F (7).

If A and B are subsets of some group G, write A for the conjugate of A by B,
that is A = {bab™! | a € A,b € B}.
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Lemma 3.3.8. If g € G\ Cg(Z") then its conjugacy class is given by a union of

finitely many cosets as follows

9] = {lz.tgt ) |z € Z"} tgt™" = | J Fltgt " )tgt™".

terT teT

Proof. Let g € G\ Cg(Z™), and suppose = € Z". We have zgz~! = zgx~lg7lg =

[z, g]lg. Now the conjugacy class is given by
9] = “{g} = {atg(at) ™ |2 € 2"t € T} =" {1gt™" |t € T}

=" gty = U { o tgt ") |z e 27} gt

teT teT
[

Definition 3.3.9. Fix a d-fold pattern @ = (7, ..., m4) where 7; € G \ C(Z") for

each 7, and tj7r_1tj_1 € Z"w; for 2 < j < d. Define

C'(m) = {(w(l), . ,w(d)) € Uplmy X+ X Up{my

R Z"tj JRE— .
wl) € {w(l)}, 2§j§d},

where Ufi_ is as in Definition 3.2.7. That is, C'(mr) is the set of d-tuples of words
where each w?) is the unique minimal representative for its F(7;)-coset, and w(@) is

conjugate to w() via an element of Z"t;.

Proposition 3.3.10. Fach element of C'(7) consists of a d-tuple of words rep-
resenting elements of the same conjugacy class. Furthermore, the weight of the

conjugacy class is realised by the word(s) of smallest weight in the d-tuple.

Proof. Let (w®,w®, ... ,w®) € C'(m). From the definition of C’(w), each w(@
is conjugate to W, so each component word represents an element of the same
conjugacy class. Now from Lemma 3.3.8, we see that each word represents one of
the finite number of cosets that make up the corresponding conjugacy class. In fact,
since each w') is contained in U F(;), each component word is a minimal-weight

representative for the coset. Therefore the minimal-weight representative(s) for the

conjugacy class must be contained in {w®, w® . . w®}, O
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Proposition 3.3.11. The set C”(7r; € N™™) s a polyhedral set.

Proof. We have

AR J— N N
’ {w(D} =F (tjwmtj—l) twWts = F(m)twMe !

Zrt;

by Remark 3.3.7. Thus w® € {W} if and only if there exists y € F'(7;) with

Write f; for the rank of the free abelian group F(7;) C Z". Let {by’,..., b}rj} be a
choice of basis for F(7;). Then there exists y € F(7;) satisfying (3.15) if and only

if there exist integers ay, ..., ay, with
wl) = Z aksztjw(l)tj_l.
k=1

Expanding using identities (3.6) and (3.9) gives

(a0 (BP] [ (az, o (B ]
) )
Ayl | | By RN Pl =
I by = Z aby’ v + 7 brjs
. k=1 .
a0 ) \sp Az, o)\ By
L a L n,tj ity
or equivalently,
B B
AZ%j-w(l — ATl —|—ei-Zakb] =B’ - B}, (3.16)
k=1

for each 1 <7 < n. We express this using linear algebra.
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For each 1 <7 <n and 2 < j < d, consider the vectors

1 m(my) rows

Z,t]'
)
0
i;é m(7y) zeroes
, 0
M (m) = ’
.
—A’ m(m;) rows
)
0
d
> ki1 m(mk) zeroes
0
/
and \
0
j—1
1—o [k zeroes
0
\
€; b;r]
-
N (m) = _ fj rows
.
G bfa]‘ J
3
0
S fr zeroes
k=j+1Jk
0
J

Let f = E?Zl fj, i.e. the sum of the ranks of the free abelian subgroups F(7;), and
. R 7"ty (———
hence the dimension of N} (7). Now by equation (3.16), wl) € {w(l)} precisely

when there exist integers ay, as, ...ay such that

w? ay
j w® j 42 T _ gm
M () - . + N/ () - | =B’ - Bi,tj
w(d af

for each 1 < i < nand 2 < j < d. We see that each of these identities defines an
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elementary set if we rewrite it as follows:

¢ \
|
M; ()
{ 7 e N+ | =B - B},
| -
N ()
\ | )
Taking the intersection of each elementary set, discarding the vector (a4, ..., a,), and

intersecting with the cartesian product of polyhedral sets Up(zp) X - - - X Up(z;), allows
us to express the m(7r)-dimensional vectors corresponding to C’(7r) as a polyhedral

set:

/
C (7‘1’) = (Up(ﬁ) X o+ X Up(ﬁ))ﬁ

( )
|
M ()
d n |
= m(m)+r - Uy s
([ Pmim § 7€ NP .Z=B]" - BJ},
j=2i=1 |
N ()
\ | )
where, as before, p, denotes projection onto the first k£ coordinates. O

We are now ready to prove Theorem 3.3.1.

Proof of Theorem 3.3.1. Fach conjugacy class in GG has a d-tuple of candidates for
a weight-minimal representative (see Remark 3.3.4 and Proposition 3.3.10), given
by an element of C'(7) or C’(7r) for an appropriate d-fold pattern «. The result will
follow from the following claim:

There exists a finite set of d-fold patterns, R, so that:

1. the candidate representatives for every conjugacy class in G' (as d-tuples of

words) have a d-fold pattern in R, and
2. no conjugacy class is represented by more than one d-fold pattern in R.
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For each w € R, Lemma 3.1.24 yields a set L, € S* of unique, minimal-weight
representatives for the tuples of C(m), or C'(7). It follows from the above claim
that |J,.cp L« is a finite disjoint union of sets, forming a language of unique minimal-
weight representatives for the conjugacy classes of G. Since each £, has rational
growth series, we conclude that GG has rational conjugacy growth series.

Now we prove the claim. If P is the finite set of patterns (with respect to §*)
providing minimal weight representatives for each element of G (as per Definition
3.1.7), consider the set of ordered d-tuples (7, 7o, ..., 74) of elements of P, with the
condition that t;mt; ' € Z"7;. For any set of such d-tuples which are permutations of
each other, choose only one (arbitrarily), and discard the others. Call the resulting
reduced set of d-fold patterns R. This is clearly a finite set, and is sufficient to
represent all d-tuples of elements of G. This proves part (1).

To see part (2), note that the candidates are uniquely determined (either the
unique weight-minimal representatives for each element, in the Cg(Z") case, or the
unique weight-minimal representatives for each coset component, in the G\ Cq(Z")
case). A tuple of candidates uniquely determines a d-fold pattern in R (since we

have removed permutations). Thus the claim holds, and the theorem follows. O

3.4 Relative growth series

Given a group G with finite generating set S, consider a subset V' C G. One can
construct the relative (weighted) growth series of V' with respect to the generators
of G by defining o(n) to be the number of elements of V' with weight n. We prove
that if V' can be represented by polyhedral sets in an appropriate way then the
relative growth of V' is rational. In particular, we prove that for any subgroup of a
virtually abelian group, the relative weighted growth series is rational (for any finite
generating set and positive integer weight function).

We will use the polyhedral sets U™ from Benson’s Theorem 3.2.8, which together
are in one-to-one correspondence with a language of geodesic representatives for the

elements of G.

Theorem 3.4.1. Let G be virtually abelian, with normal free abelian subgroup Z",

and corresponding transversal T', and let S be a finite weighted generating set. Let
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V' C G such that there exist polyhedral subsets V;, C Z™ with V = UteT Vit. Then'V
has rational weighted growth series with respect to S.

Proof. Let P, denote the (finite) set of patterns 7 such that 7 € Z"t and |r| <

[G: Z""] (and so every element of Z"t has a geodesic representative in some polyhedral
—

set U™).

Let
Ry = {ucU" | E™(u) €V}
— (&™) [5#((7) vy

So R, is a polyhedral subset of Z™™ and thus > ns0 R, (1)2" € Q(z). We have

D ovn)2" =YY on(n—wm))"

n>0 TEP n>0

Since P is finite, this is a finite sum of rational functions, and thus V' has rational

relative growth series. O

We now show that we can test for subgroup membership using polyhedral sets,

resulting in the following.

Theorem 3.4.2. Let G be a finitely generated virtually abelian group and let H
be any subgroup of G. Then H has rational weighted growth series relative to any

choice of generators of G (with any weight function).
We need the following Lemmas.
Lemma 3.4.3. Any subgroup of a virtually abelian group is virtually abelian.

Proof. Let G be virtually abelian, with normal free abelian finite index subgroup

Z™ as usual. Let d = [G: Z™]. Suppose H is a proper subgroup of G. By the second
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isomorphism theorem, we have HZ" < G, HNZ"™ <1 H, and

H _ HZ"

Hnzr  Zr

Since [G: Z"] = [G: HZ"|[HZ": Z"] and [G: Z"] is finite, [HZ": Z"] is also finite
(with [HZ™: Z"] < [G: Z"]), and so HNZ" is a finite index (free) abelian subgroup

of H, proving the claim. O

In the next Lemma, we establish criteria for an element of a virtually abelian

group to lie in a chosen subgroup.

Lemma 3.4.4. Let G be a finitely generated virtually abelian group, with normal
subgroup Z" of finite index d as usual. Let H < G, and choose a set {hy,...,h.} € H
of coset representatives for H N Z"\H. Then this set can be extended to a set
{h1,... hey... ha} of coset representatives for Z'"\G, and an element zh; € G,
with x € Z", is in H if and only if

1. 1<1< ¢, and

2. x e HNZ".

Proof. Firstly, Lemma 3.4.3 implies that H N Z" is a finite index subgroup of H,
and that ¢ < d. We have

H=| |(HnZ")h;. (3.17)
i=1
Next, we note that each element h; € {hq, ..., h.} represents a unique Z"-coset: let

h; # h;, and suppose that they define the same coset in G/Z". Then hih;1 ez,
and since both are elements of H, hihf € HNZ". But this would imply that they
represent the same coset in H/H N Z", which is a contradiction.

Now choose elements hey1, ..., hq so that {hq,..., hq} is a set of coset represen-

tatives for G/Z"™, so we have
c d
G = (|_| Z”hi> L ( | ] Z”hi> . (3.18)
i=1 i=ct1

From this decomposition, it is clear that an element zh; € G (with z € Z") is in
H if and only if it lies in one of the cosets that intersects H (that is, h; € {hq,...,h.})
and the abelian part lies in H NZ™ (that is, z € H NZ"). O
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Proof of Theorem 3.4.2. The strategy of the proof is to use the criteria given in
Lemma 3.4.4 to detect those elements of G which are contained in H, pattern by
pattern, and show that they form polyhedral sets. We can then use the sets U™ to
find minimal representatives for the elements of H.

Fix a generating set S for G, and a weight function w. We consider the expanded
generating set S of Section 7?7, and the corresponding finite set of patterns P as in
Definition 3.1.7. Since words with the same pattern represent elements of the same
Z"-coset (see Remark 3.1.13), only words whose pattern represents an element of
|Ji_, Z"h; can possibly be in H. Call the set of such patterns Py.

Fix one of these patterns, m € Py, and the resulting vectors A7 and integers B[
as in section 3.1. Consider a word w € W7™. By design, we have an h; with 1 <i <¢
so that w € Z"h;, so criterion (1) is satisfied. Now by criterion (2), w represents an

element of H if and only if w € (H NZ")h; C Z"h;. Since

( )
AT - w BT
AL - Bl
CEE N R R B Y
AT - Br
\ /
w € H if and only if
AT -w BT
AT - B}
+| " | €eHNZ" (3.19)
AT - Br

Now HNZ" is a (free abelian) subgroup of Z". Suppose it has dimension f, and
choose a basis {by,...,bs} C Z". Then w satisfies (3.19) if and only if there exist

integers ay, ..., as so that
AT - BT
AS - Bj
+ . :a1b1—|—~--+afbf.
Al - Br
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In other words,

Af . ”Lﬁ—F BZF = €; - (a1b1 —+ 4 afbf) = al(e,- . bl) —+ o+ af(el . bf) (320)

foreach 1 <3 <n.
We will now express the set of all vectors satisfying (3.20) as a polyhedral set.

For each 1 < i < n, define the (m + f)-dimensional vector

‘ )
A;T m TOWS
Cr = ‘ ¢
—€; - bl
f rows
—e; - by

Ve

where the first m entries are the entries of the vector AT, and the last f entries are —1
times the ith component of the basis vectors. Now a vector @ € Z™ satisfies (3.20)
for some 4 precisely when there is a vector ¥ € Z™+/ | with entries vy, va, ..., Uy I3
such that @ = (vy,...,v,)" and AT - @ + BF = €; - (Vy1b1 + -+ + vy sby). We

rewrite this last equation as

U1 e - by Um+1
AT U2 B e; - by _ Um+2 _ Bzr
U e - by Ut f
i.e.
Cr =B

Let p,,: Z™t/ — Z™ denote projection onto the first m coordinates. We can

then express the set of all @ that satisfy (3.19) as the following

X" =pp (ﬂ {ezm|CT o= —B;f}) NN™.
i=1

Note that {# € Z™"/ | CF - ©' = —BT} is an elementary set for each i, and therefore
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the intersection is a (basic) polyhedral set. Therefore X™ is also a polyhedral set.

It corresponds to all words in W™ which represent elements of the subgroup H. If

we set
vi= | em(xm),
WGPz
the result now follows from Theorem 3.4.1. O

Corollary 3.4.5. Finite unions of subgroups of virtually abelian groups have rational

relative growth.

Proof. First note that the growth series of a finite disjoint union of subsets of G is
simply the sum of their individual growth series, and for subsets A C B C G, the
growth series of B\ A is the difference of their individual growth series. We will
induct on the number of subgroups in the finite union.

For subgroups H; and H,, let I = H; N Hy. Then we can express their union as

a disjoint union of three subsets,
HiUHy,=TU(H \I)U(Hy\I).

Since Hy, Hs, and [ are all subgroups, they have rational relative growth, so each
term in the above expression does also, and so H; U Hy has rational growth series.
Now assume the union of k& subgroups has rational growth. Consider a union of

k + 1 subgroups:
k+1 k

U & = JH UH.
=1

=1

Let J = <Uf:1 Hi) N Hy.1. Then we have a disjoint union

LjHZ-:JU (UH) \ JU (Hps1 \ J)

i=1 i=1
and so if J has rational growth then Uf;l H; has rational growth. But we can write

J as the union of k subgroups:
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so it has rational growth by the inductive hypothesis.
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Chapter 4
Nilpotent groups

In this chapter we study the cumulative conjugacy growth of some nilpotent groups

of class 2. We first recall the essential definitions, using Hall [43] as a basic reference.

Definition 4.0.1. If xy, 25 are elements of a group, we define their commutator

[z1,275] = 12077 25", We can then define the n-fold commutator of elements
X1, Xo, ..., T, inductively:
(1, @9, ..o, Ty = [[x1, 2, .. o, Tp1], X0

Definition 4.0.2. For subgroups X, X, ... X, of some group, define their n-fold

commutator subgroup
[Xl,XQ,...,Xn] = <[.§L’1,.T2,...,£L’n] | x; € X1> .

Definition 4.0.3. Let G = [G,G,...,G]. Then the lower central series of the
—— ———

c copies
group G is the subnormal series

G=G09p>00>G® ...

Remark 4.0.4. If ¢ € Aut(G), for some group G, then ¢([g,h]) = [p(g), d(h)]
(for any g,h € G). Thus the derived subgroup of any group G is a characteristic
subgroup. By an analogous argument, the ith term wn the lower central series s

characteristic, for any i.
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Definition 4.0.5. A group is called nilpotent if its lower central series terminates.
That is, there exists ¢ € N such that G is trivial. The minimal such ¢ is called the

nilpotency class of the group.

The class 1 nilpotent groups are precisely the abelian groups.
Note that each G0~ /G is abelian, and furthermore is central in G/G®. Write

rk(H) for the torsion-free rank of any abelian group H.

Definition 4.0.6. The Hirsch length of a class ¢ nilpotent group G is the sum

C

h(G) = 1tk (GV/GW).

=1

Remark 4.0.7. For ¢ € Aut(G) we have ¢([z1,...,z,]) = [p(z1),...,d(x,.)] and

therefore the subgroup G\) is characteristic.

The following Theorem was proved independently by Bass [3] and Guivarc’h [41],
[42].

Theorem 4.0.8. Let G be nilpotent. Then the (cumulative) growth function of G

is polynomial of degree > ;_, i -1k (GU=Y/GW),

The following celebrated theorem of Gromov provides the converse to this, ce-

menting the connection between growth and algebraic structure.

Theorem 4.0.9 ([37]). A finitely generated group has polynomial growth if and only

if it is virtually nilpotent.

Definition 4.0.10. The (higher) Heisenberg groups are class 2 nilpotent groups,

with a parameter r € N, given by the following presentation.

[ai, a;] = [ai, bj] = [b, b;] = 1 Vi # j
HT‘: = <alab17a27627 s 7aTabT‘ [ai7bi] = [a],bj] Vi 7£] > .
[[ai, bi], a;] = [[ai, bi], bj] = 1 Vi, j

We will usually write ¢ = [a;, b;].
Stoll classified the class 2 nilpotent groups G with [G,G] = Z in terms of the

groups H,. Each such G has a finite-index subgroup isomorphic to some Z™ x H,,
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and this r is called the Heisenberg rank of G. Stoll then proved that for r > 2, G
has a generating set for which the standard growth series is rational, and one for
which it is transcendental.

By contrast, Duchin and Shapiro [24] have shown that H; has rational standard
growth with respect to any generating set.

Babenko [2] provided good asymptotic estimates for the conjugacy growth of the
higher Heisenberg groups.

Theorem 4.0.11 (Theorem 4.1 of [2]). Let p be any left-invariant metric on H,,
and write cg, ,(n) for the number of conjugacy classes intersecting the n-ball with

respect to p. Then

1
¢y p(n) = @nz logn + o(n*logn)
and
2r —1
i, () = SET =D e o

¢(2r)

for r > 2, where ( denotes the Riemann zeta function.

Remark 4.0.12. Observe that if the conjugacy growth series of H, were rational,

¢(2r—1)
¢(2r)

thor’s knowledge this is not known, for any integer r > 1, but would seem to be

was a rational number. To the au-

then Proposition 2.3.8 would imply that

unlikely.

In this chapter we use more elementary methods to recover Babenko’s results in
the special case where p is the word metric arising from some finite generating set,
and extend the scope to include all class 2 nilpotent groups with infinite cyclic de-
rived subgroup (Theorem 4.3.3). This comes at a cost: we only recover asymptotics
up to the usual equivalence of growth functions, whereas Babenko’s original result
includes the leading terms.

Babenko also provides a (fairly terse) proof that groups with a finite-index sub-
group isomorphic to H; also have conjugacy growth equivalent to n?logn. We
provide a similar proof here with full details (Theorem 4.5.1). It is hoped that the
same techniques can be generalised to study the conjugacy growth of other virtually

nilpotent groups.
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4.1 Centrally amalgamated direct products

This section details Stoll’s classification [57] of class 2 nilpotent groups whose derived
subgroup is infinite cyclic.

Let Gy, ..., G, be groups with central subgroups Z1, ..., Z, respectively. Suppose
that there exists an abelian group Z and homomorphisms ;: Z; — Z for each 1,

and consider the product homomorphism ¢: Z; X --- X Z,, — Z defined by

o (21,0 20) = o1(z1) - or(2).

Furthermore, suppose that ¢ is surjective.
Definition 4.1.1. The group

Gy x - x G,

G =
ker

is called the centrally amalgamated direct product of Gy, ..., G, with respect to .

We will write central product for brevity.

Let A; = G;/Z; for each i. We have Z = Z; x --- x Z,./ker p. Then let

Glx...xGr/kergp§G1><"'XGr > A X x A,

A=G/7 = o
/ Zy X oo X Zp [ ker g Iy X oo X I,

Example 4.1.2. Let G = Gy = Z? be given by the presentations

G = <$1,y1 | [%,yl]), Gy = <$2,y2 | [$2ayz]>7

and let Z = (z | 2%). Define homomorphisms from the second direct factor of each
Gi to Z: ¢;: (y;) = Z given by p: y; — z. Then the centrally amalgamated direct
product, G, of G1 and G9 with respect to v is given by the presentation

(w1, 19,2 | [21, 0], [11, 2], [0, 2], 2°) = 7% x Z/27.

From now on we will deal exclusively with the case where each Z; is infinite
cyclic, generated by an element z;, and similarly Z is infinite cyclic, generated by

an element z. Hence, each ¢; is determined by an integer d; as follows ¢;: 2z; — 2%.

68



Chapter 4: Nilpotent groups

Given pairs (G1,21) and (Ga, 23), we will write (G1,21) ®q (Ge, 22) for the central
product of G; and G5, amalgamated over the subgroups (z;) and (z3) with ¢;(2z1) = =
and ¢;(29) = 2% If d = 1, we simply write (G, z1) ® (Ga, 22).

We now assume that each G; is 2-step nilpotent with infinite cyclic derived
subgroup, and set Z; = [G;, G;]. Thus each A;, and hence A, is abelian. We will use

the following classification given by Stoll.

Lemma 4.1.3 (Lemma 7.1 of [57]). Let G be a finitely generated 2-step nilpotent
group with [G, G| = Z. Then there exists a finitely generated infinite abelian group
Go, and a tuple D = (61, ...,0,_1) € Ny, with 0y|0k41 for each k, such that

G= ( te ((((GO’ 2) & (Hlvc)) ®51 (HhC?)) ®52 (H1’C3)) U ) ®5T71 (H17CT)'

Since the abelian group I' := G /(z) is central, we have the following immediate

corollary.

Corollary 4.1.4. With the assumptions of Lemma 4.1.3, there exists a finitely
generated abelian group I' (possibly finite or trivial) such that

G=Tx (( o (((Hla C) ®s, (Hlv 02)) ®sy (Hh 63)) T ) ®5,_1 (Hla CT)) :
Definition 4.1.5. We will write

Hp = (--- (((H1,¢) ®s, (Hi,¢2)) ®s, (Hi,¢3)) -+ ) @5, (Hi,cp).

Thus, given an abelian group I', and an (r — 1)-tuple D of positive integers (for
r > 1) where each entry divides the next, we can define a group I' x Hp. All finitely
generated nilpotent groups with infinite cyclic derived subgroup are of this form.
If T is trivial and each 6y = 1, the corresponding Stoll group is the rth (higher)
Heisenberg group, with H; corresponding to the case where r = 1 (i.e. D is empty).
That is,

H, = (Hy,c)® (Hi,00) ® - ® (H170r2~

N

TV
r copies of Hy

We will need the following observation.
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Lemma 4.1.6. For any group Hp as above, the centre Z(Hp) = (c) has quadratic

relative (cumulative) growth.

Proof. We work with the generating set {ai,b1,...,a,,b.}, and write B(n) for the
bn] —

’L7’L

ball of radius n in the Cayley graph of Hp. Note that for any i we have [a}"
di-tmn Write C'(n) = {c | [I| < n}. Let ¥ € C(n?), and suppose k > 0. So we can

write k = n? — an — 3 for some 0 < o, 8 < n. We then have

_ _ 1 _ _ —(n— —n — 2_on—
CL? oab’il ﬁallblal n—a— b = a" %" (n a)b ne. ﬂzcn an ﬁ:Ck

and thus || < (n—a)+(n—B)+1+ B+ (n—a—1)+n=4n —2a. An exactly
symmetrical argument deals with the case of k negative. Therefore any element of
C(n?) has length at most 4n, i.e. C(n?) C Z(Hp) N B(4n).

On the other hand, the highest possible power of ¢, written as a word over 4n

generators, is [a”,b"] = """, Thus Z(Hp) N B(4n) C C(6,_1n?). So together we

have
o (™) € 2tHp) 0 B c ¢ (5%
PI—
and so
2E+1<|Z(HD)HB( n)| < 20,1 6+1
i.e. |Z(Hp)N B(n)| ~ n? as required. O

4.2 Greatest Common Divisors

To count conjugacy classes we will need various facts about greatest common divisors

of tuples of integers, starting with the following lemma of Fernandez and Fernandez.

Lemma 4.2.1 ([29]). For n > 1, let XM XM be a sequence of independent
random variables, uniformly distributed in {1,2,... ,n}. Then the expected value

of the greatest common divisor of the first s of these random variables behaves as
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follows.

L10gn+(7+(9(1°g”) s=2
E (god (X", x{",..., X)) = ¢ v

L+ 0 (k) s>3

where C' > 0 is some constant.

For our purposes we will phrase this in terms of the sum of the greatest common

divisors of tuples of integers whose values are at most n.
Definition 4.2.2. We define two different n-balls in Z°.

1. Let BS)(n) ={(z1,...,25) € Z° | |x;] <n for each 1 <i < s}. That is, the n-

ball in Z* with respect to the ‘cubical’ generating set {(e1,...,¢€5) | € € {0,1}}.

2. Let B (n) = {(x1,...,2,) € Z° | ¥ ;| < n}. That is, the n-ball in Z° with

respect to the generating set consisting of standard basis vectors.

We will omit the superscript s when it is clear which dimension we are working with.
Then Lemma 4.2.1 can be reinterpreted as follows.
Corollary 4.2.3.
Z ged(z,y) = %rf logn + O(n?)
(z)eBE (n)
where Ry € Q. And
Z ged(xy, ..., z5) = Rsuns + O(n* tlogn)
(@10enyz5)€BL)

where Ry € Q depends on the dimension s.

Proof. The sum of the values of a function over some fixed finite domain is equal to
the expected value of the function over the domain, multiplied by the cardinality of
the domain. The cumulative growth function of Z* is equivalent to Cn® (Proposition
2.2.7), where C' depends on the choice of generating set, but is always rational
since otherwise Proposition 2.3.8 would imply that the standard growth series was

irrational, contradicting Benson’s main result (Theorem 3.2.8).
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We will also need the following consequence of Lemma 4.2.1.

Corollary 4.2.4. Let (a,b) € Z* be fized. Then
Z ged(z — a,y — b) ~ n?logn.
(z)eB (n)

Proof. Assume a,b > 0. The other cases will follow by symmetry, since ged(—a,b) =
ged(a, —b) = ged(—a, —b) = ged(a, b). We have

Y egdl@—ay—b= Y gedlzy)+ Y ged(z,y)— > ged(z,y)

(zy)€BY (n) (zy)€BY (n) (@y)eA (@y)eB

(4.1)

where A = {(z,y) € Z* | |lr—a| < n, |y—b| <n}\ Bo(n) and B = Bo(n)\{(z,y) €
Z* | |x —a| <n, ly—>b] <n}.

We have |A| < (2n+ 1)(a +b) and |B| < (2n + 1)(a + b). Furthermore, for
(x,y) € AU B, ged(z,y) < max(n + a,n + b) = n + max(a, b). Therefore

Z ged(z,y) < (n + max(a, b))(2n + 1)(a + b) < n?
(z,y)€A

and similarly for B. So since }_, cp(n) 8cd(z,y) ~ n?logn, equation (4.1) gives

the result. O

We now define a weighted form of the greatest common divisor tailored to our

needs.

Definition 4.2.5. Let D = (6,05, ...,0,1) € NT' and a = (i1, j1, %9, J2, - - - » iry Jir) €
Z?". Then define

gp(a) = ged(iy, j1, Ovig, 0172, 023, 02J3, - - -, Op—1%r, Or—1Jy).

Lemma 4.2.6. Let H C Z* be the union of hyperplanes that contain the origin,
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and are perpendicular to an axis, i.e.
H={z€Z"|3ist z =0}

Fiz some D = (61,09,...,0,_1) € Ni‘l as above. Then

Z gpla) < n*".

ac€HNBL(n)

Proof. Fix a coordinate to be zero (there are 2r choices). There are then (2n+1)% !

ways to complete the entries of . Thus |H N Bo(n)| = 2r(2n + 1)1 = O(n?" ).
For a general element o € Bg(n), we have gp(a) < dpmaxn where dpax = max{d; |

1 <i<r—1}. Thus we have

Z gp(a) < 2r(2n + 1)27"_1 + Opax

a€HNBO(n)
and the result follows. O]

Theorem 4.2.7. Let v > 1. Fiz an (r — 1)-tuple D as above. Let o € Z*". Then if

r =1 we have

Z gp(a) ~ n?logn,

aEBl(f) (n)

and if r > 1 we have

Z gp(a) ~n?",

aEBl(fT) (n)

Proof. By symmetry, we only need consider o with non-negative coordinates (up to
a constant factor of 2"). Additionally, we will assume that the coordinates of « are
all positive, since the other case is covered by Lemma 4.2.6.

Let g1(«) = ged(iy, j1, 42, J25 - - - i, Jir), 1.6. g1 = gp where all the entries of D are
equal to 1. We show that it suffices to prove the proposition for this special case.

Consider general D. Observe first that for any x,y, 2 € Z we have
ged(z,y) < ged(z, yz) < ged(wz,yz) = 2 ged(z, y).

Since the greatest common divisor is an associative binary operation, and each
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0x|0ry1, this gives the following bounds for gp(a), for all a € Z*":

g1(a) < gpla) < 0,101().

This in turn implies that

S oal@< Y w@<ia Y al)

a€By, (n) a€By, (n) a€By, (n)

and so

S @~ Y ala).

a€By, (n) a€By, (n)
From now on we only consider g;(«).
Next we observe that counting in the [; metric is equivalent to counting in the

cubular metric. Since Bp (4) C By, (n) C Bu(n), we have
Yo oal@< D> al@< D ale),
aEBD(%) aGBll (n) a€B(n)

and so

Z gi(a) ~ Z gi(a).

a€By, (n) a€Bn(n)

Corollary 4.2.3 now gives the result.

4.3 Conjugacy Growth

We now return to the group Hp, with generators a;,b; and commutator ¢ as in

Definition 4.1.5. The next proposition describes the structure of conjugacy classes

in HD.

Proposition 4.3.1. Let a = a'b]'a2by ---airbir € Ab(Hp) = 7%, and consider

the element ac® € Hp for some k € Z. Then the conjugacy class represented by
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ac® € Hp is either a singleton set, or a coset of a cyclic subgroup:

{ck} a=0

ack(cIr( @y q £ 0.
Proof. First, c* is central, so [c¥] = {¢*}. Now consider non-identity a. Note that
by the construction of Hp, we have

[at, bt] =C =

Thus, for 1 <t <r, we have
aacka;t = ad bt - alr b cta;t
— a211bJ11 L a7t«t+1b,ztat—1 .. aﬁb”“ck

T

— aill bjll e aitbgt - aiT‘bZ;T.Ck+jt5t_1,
Similarly, we have
biackb ! = ackTior,
Thus we have

[Q/Ck] _ {ack+Z§:1 Or—1(lge—liaie) | lin, U2 € Z}

— ack <Cgcd(j1,fi1,61]’2,7611'2,...,57«_1jr,767«_1ir)>
= ack(ch(a)>.

]

Now we estimate the length of the conjugacy classes with respect to the gener-

+1 741 +1 741
1,0, a; b}

ey Wy

ating set {a
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Proposition 4.3.2. Let G = Hp, and let a = a’'b}'a2b}? - - - airbir be a non-trivial
element of the abelianisation.
Then there exists K > 0 such that |a| < |[ac*]| < |a| + K for all k € Z. This K

depends only on the tuple D, so is a constant for a given group.

Proof. Without loss of generality, we assume that each coordinate of « is non-
negative. The full result will follow by isometries of (the Cayley graph of) G which
send some subset of the generators to their inverses. First, we claim that any element
ac® has length at least |af, so |a| < |[acF]|. To see this, consider any word over the
generators ay,bi, ..., a,,b, that represents ac®. We can put this into normal form
by collecting the powers of generators into the given order, at the cost of powers of
¢, using the identities [a;, b;] = %1 for each t. Note that the exponent sum of each
generator can never increase. So any word representing ack has at least 4; instances
of a;, and so on.

From the structure of conjugacy classes given in Proposition 4.3.1, each conju-
gacy class [acf] has a representative of the form ac™' where 0 < I < gp(a). We
will show that there is a global K such that all such elements have length at most
|a| + K, which proves the proposition.

By definition of the greatest common divisor, we have
gp(a) < min{dpix, Opji | 1 < k <ryip # 0, ji 7 0}.

Choose some i, or j; which is non-zero. We will suppose it is an 7, but the argument
works analogously in the second case.

Suppose jr # 0. For any 1 < I}, < i), we have
alt braF bl =g alF[a ™, )bl =g alFblF eIk (4.2)

and so the element represented by aj*b7*c¢~*% has length i; + ji, and consequently
the element ac™%% has length |a|, for all 1 < I < i;. Any element of the form
ac™!, where 0 < I < gp(a), can be expressed as ac 1% c for some 1 < I, < 4, and
0 < e < . We have ¢ = [af, by], so |¢¢] < 2e+ 2, and thus our element has length
at most |«| 4 2¢€ + 2.

Now suppose jr = 0. To use the identity (4.2) we need to introduce an extra
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copy of b, and b,;l, which adds 2 to the length of the word. Therefore in general we
have the bound |ac™!| < |a| + 2¢ + 4. Since € < 6, < 6,1, setting K = 20,1 + 4 is

enough to prove the proposition. O

We can now calculate asymptotics for the conjugacy growth of any group of the

form I' x Hp.

Theorem 4.3.3. Let G be a class 2 nilpotent group, with infinite cyclic derived

subgroup, and let its Heisenberg rank be r > 1. Then there exists s € N such that

() n**slogn r=1
Cqg\n) ~
n2r+s r 2 2.

Corollary 4.3.4. If G is a class 2 nilpotent group with infinite cyclic derived sub-
group, with Heisenberg rank equal to 1, then the conjugacy growth series of G is

transcendental (with respect to any finite generating set).

Proof. Recall part of the ratio test for convergence of an infinite series ano y: if

. ant1
hmnﬁoo nrl

< 1 then the series ) ., a, converges. From Theorem 4.3.3 we have

cg(n+1)

— 1 asn — o0o. So we have
ca(n)

ca(n) ~ n*"logn, and therefore

ca(n+ 1)zt
cg(n)zr

7

Thus the series Y cg(n)z" converges as long as |z| < 1. So by Fatou’s Theorem
2.3.9, it is either rational or transcendental.

Suppose it is rational. Now since cg(n) is bounded above by a polynomial, and
is non-decreasing (since it is a cumulative growth function), Corollary 2.3.7 implies
that, in fact, there is some d € N for which cg(n) ~ nd. Since this is not the case,
the series cannot be rational and therefore must be transcendental. Note that the
asymptotics do not depend on the choice of generating set (by Proposition 2.4.1)

and therefore transcendence holds for all generating sets. O

Proof of Theorem 4.3.3. First, suppose G = Hp for some tuple D = (61, 2,...,d,_1)
where Oy | dgy1 for each k. For a fixed non-identity o € Ab(Hp), Proposition 4.3.1
implies that there are exactly gp(«) conjugacy classes in the coset a{c), and Propo-

sition 4.3.2 implies that they have length in the range [|a|, || + K] for some K >0
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depending only on D. The conjugacy classes corresponding to a = 1 € Ab(Hp) are
simply the elements of the centre. Thus the conjugacy growth function is bounded

as follows:

Bzmp)(n) + gp(@) < c(n) < Bz(my)(n) + Z gp(n).
a€By, (n—K) a€By, (n)

We have Sz(p,)(n) ~ n? for any Hp, so from Theorem 4.2.7 we have

nlogn r=1
CHD(n) ~

Now a general step 2 nilpotent group GG with infinite cyclic derived subgroup has the
form I' x Hp for an abelian group I' and some D. Any abelian group has conjugacy
growth function equivalent to n® for some s € N and so by Lemma 2.4.3, we have

ca(n) ~n® - cg,(n), which proves the Theorem. O

4.4 Automorphisms of the Heisenberg group

In order to understand the conjugacy growth of finite extensions of H;, we need to

understand its automorphisms.

Lemma 4.4.1. Let G be a group with a characteristic subgroup N. Then the natural
homomorphism p: G — G/N induces a homomorphism ¢: Aut(G) — Aut(G/N).

Proof. Let 0 € AutG. We define ¢y € Aut(G/N) as follows. For some element
xz € G/N, choose a lift v € G. Then define ¢y(z) = p(0(~y)). Suppose 7 is a different

lift of . So v~ '+ € Ker(p) = N, and so (7 1y') € N since 0 is characteristic.

Thus p(f(y~'9)) = 1 and we have p(6(7)) = p(0(7))p(0(v'7")) = p(8(¥')). So ¢y
is well-defined.

We also have

Po, © o, () = ¢p, (p(02(7))) = p(61 0 O2(7)) = P06, (),

where the second equality holds because 05(7) is a lift of p(6(y)). Hence ¢y, 0 ¢p, =

®9,00, SO ¢ is a homomorphism. O
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The proof of the following theorem follows that given by Osipov [50], with thanks

to Alan Logan for the simplified argument for exactness at GLy(Z).

Theorem 4.4.2. Let H, denote the Heisenberg group as usual. Then its automor-

phism group fits into the following short exact sequence:
172 5 Aut(Hy) S GLy(Z) — 1

where Z? = Inn(H,), ¢ is the inclusion map, and ¢ is the homomorphism induced

by the abelianisation map H, — 72, as in Lemma 4.4.1.

Proof. First, note that we have Inn(H,) = H,/Z(H,) = (a,b) = Z*. Now we show
that the sequence is exact. An inner automorphism will always induce the identity
automorphism on the abelianisation, so ¢ maps any inner automorphism to the
identity in GLg(Z). So Im(r) C Ker(¢). Conversely, let f € Ker(¢). So there exist
a, 8 € Z such that f(a) = ac® and f(b) = bc®. Consider the element a’b~. We

have
a’b™ a-b%a P = ac®
bbb " = beP.

So the inner automorphism defined by conjugation by a’b~® coincides with f on
the generators of Hj, so they are the same automorphism. Thus Ker(¢) C Im(:) =
Inn(H,), and so the sequence is exact at Aut(Hy).

For exactness at GLo(Z), we use the standard fact that GL(Z) is generated by

11 0 1
the matrices and . Define maps H; — H;, via their values on the

01 10
generators as follows:

a— ab a—b
912 s 922

b—b b+— a.

Since [ab, b] = [ab™!,b] = [a,b], and [b,a] = [a,b]~!, we have [[ab, b], a] = [[ab, b],b] =
1, [[ab~1,b],a] = [[ab™t,b],0] = 1, and [[b, al],a] = [[b,a],b] = 1. Therefore #; and 65
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are automorphisms with inverses as follows:

avs ab™?
o, . 0y =0,
b—b
11 0 1
It is clear that 6; and 6, are sent to and respectively by ¢, and
01 10

hence ¢ is surjective.
We now describe a general automorphism of H; more explicitly.

Proposition 4.4.3. Let 0 € Aut(H;). Then there exist integers «, [3,7,0,€,( (de-

pending only on 0) such that for any a’t’c* € H, we have

B(aibi ) = qo+Bipit hd—ay U5 g5 UL i3y te(yitd5)—C(ai+B)) 7

where d = ad — Py.

Proof. By Theorem 4.4.2, we have Aut(H;)/Inn(H;) = GLy(Z). We can choose, as

a right transversal, the set of automorphisms {0p | D € GLy(Z)} corresponding to
a

matrices D = p with d = det D = £1, where 0p: a — a®b” and 0p: b —

v 0
a®b’. So we can express the automorphism group as follows:

Auwt(Hy) = | (Inn(Hy))0p.

DeGL2(Z)

So any element of Aut(H;) has the form c( ) o p where (¢ is the inner auto-
morphism defined by conjugation by a6¢ and D € GLy(Z) as above. We calculate

the image of an element a’b/c* € H, under such an automorphism. First note that

Op(c) = Op([a,b]) = [a°D", a’1°] = a“baPLob Y a b %a P = P = ¢4,
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So
Op(a't/ ) = (a®b7) (a®B°) M
— qMiprie—ov—20y——(i=Day B 6j ,—B6—-286——(j—1)B5 kd
_ aaibyiaﬂjbéjckd—m@_@s@

_ OB Yi+6] hd—ay U5 —ps D —ijgy

We also note the following basic conjugacy calculation:
abs - ald? b %a¢ = alb’ ¢
Combining these we now have

o P i(i—1) iG-1) ..
Cle) © QD(azb]Ck) = Cle) (aaz-i-ﬁ]b%—&-ﬁjckd—o/yiQ —B62 J2 7—2]ﬁ’y>

_ OB vi+6] hd—ay U5 -85 T Byt (yitss) —C(aitBi)

O

Remark 4.4.4. Under the map ¢ in the proof of Theorem 4.4.2, 0p induces the
linear map D € GLy(Z).

4.5 Virtually Heisenberg

This section is devoted to the following, which forms part of Theorem 5.1 of [2].

Theorem 4.5.1. If G has a finite index subgroup isomorphic to the Heisenberg

group Hi, then G has cumulative conjugacy growth function equivalent to n*logn.

The proof here broadly follows the argument given in [2], but provides full details.

We start with the following observation.

Lemma 4.5.2. If a group G has a finite-index subgroup isomorphic to Hy, it con-

tains a finite index characteristic subgroup isomorphic to H;.
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Proof. Lemma 2.1.1 gives a finite-index characteristic subgroup of G that is con-
tained in the first H; (and so is a characteristic subgroup of H;). The lemma will
follow if every finite-index subgroup of H; is isomorphic to Hj.

So suppose I' is such a subgroup. Since the torsion-free ranks of the quotients
in the lower central series are a quasi-isometry invariant (Theorem 6.3.2), those of
" are equal to those of Hy. So I' is a torsion-free, class 2, nilpotent group, [[',T'] of
rank 1, and I'/[I", '] of rank 2. So Stoll’s classification above implies that I" must be

isomorphic to H;. ]

Proof of Theorem 4.5.1. Firstly, by Lemma 2.4.5, we have cg(n) = cg, (n) ~ n?logn.
So only an upper bound remains to be shown.

We will consider each Hi-coset separately, and only consider conjugation by
elements of the H; subgroup. This is sufficient for an upper bound on the conjugacy
growth, since further conjugation can only reduce the number of conjugacy classes.

We have the following short exact sequence (where H; is normal in G' by Lemma
4.5.2):

l-H —-G—-A—1 (4.3)

where A is some finite group.
Fix a transversal T' so that each coset in G/H; has the form tH; for some t € T.

Consider conjugating an element th € tH; by some z € Hi:
wtha™ = tt 'wtha™" =t (0,(x)ha™")

where 6;: x — ¢!zt is an automorphism of H; (since H; is normal in G). Thus for
a fixed coset tHy, conjugation by the elements of H; can be understood as twisted
conjugation within H;.

By Proposition 4.4.3, 8; can be expressed as follows.

0,(a'bi ) = @it rd—ay GBI By te(yi+5j)—C(ai+Bi)

So if we have = a'b/c* and h = a'b™c¢" (and so 27! = ¢ *bJa™" = a" b IR,

then
et (x)hxil _ al+(a71)i+,8jbm+’yi+(671)jcn+f(i,j) (4.4)
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where

Fi.7) = k(d—1)—an 1 - D_ sl - Y (ebimt)(yit8f)—ij Bry—ij-rim—C(ai-+57).

For a fixed h € H;, equation (4.4) defines a map Z> — Z3 via x — 0y(x)ha~".
Switching to vector notation, with h = a'v™c" = (I,m,n)? and x = '’ =

(4,4, k)T, this map becomes

i (v —1)i+ By [
jl=1yv+0@=15+|m
k [, ) n

Projecting onto the first two coordinates gives an affine linear map:

Recall from the previous section that #; induces a linear map D € Aut(H,/Z(H,)),
«
given by P . Write the determinant of D — I as dy = (o« —1)(6 — 1) — 6 =

v 0
d—a—9+1, where d =det D. So

Oé+(5:d—d1+1 (45)

We consider the possible eigenvalues of the linear map D . If det(D — \I) =
A — Xa+46)+d=0 then

)\_a+5i\/(a+5)2—4d_d—d1+1i\/(d—d1+1)2—4d (4.6)
B 2 B 2 ' '

Furthermore, since A is a finite group, D must have finite order, so A is a root of

unity. We consider cases depending on the value of the determinants d and d;. Since

D € GLy(Z), d € {1,~1}.
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Cased=1,d, =0

From (4.6), we have A = 1 so D has a fixed non-zero point. Since d = 1, D is not a
reflection, but it has finite order so must be the identity. And so 6; € Inn(H;), and
(4.4) gives:

et(aibjck)albmcn(aibjck)—l _ albmcn-&—ei-i-ﬁj—ij-‘rim—jl _ albmcnﬁ-(m—g)i—&-(s—l)j‘
So the H-conjugacy classes of tH; have the form
[talbmc”]Hl _ {talbmcn+(m—c)i+(s—l)j ‘ ij € Z}

and every such class contains an element of the form ta'b™c” for some 7 in the range
[0,gcd(m — (,1 — €)) (since we can choose appropriate values of i and j to achieve
a power of ¢ in the desired range). Thus the following set contains a representative

for every Hi-conjugacy class in tHi:
S = {td'v™c" | I,m € 7,0 <r < ged(m — (,1 —€)}.

We claim that the length of each element of S is within a globally bounded distance
of a minimal-length conjugacy representative, and therefore the growth of .S provides
an asymptotic upper bound for the relative growth of the Hi-conjugacy classes of
tHy, and hence also the G-conjugacy growth of tH,. By Corollary 4.2.4, and Lemma
2.2.11, this set has growth equivalent to n?logn for I,m < n, which is therefore an
upper bound for the relative conjugacy growth of tH; in this case.

Now we prove the claim. We have
0<r<gedim—C(,l—¢€) <min(jm — |, |l —¢€)
< min(|m| + [C], [I] + |e]) < min(|m], [I]) + max([C], |¢]),

and so, for I,m,r as in the set S, we can write a'b™c” = a'b™c"*" where 0 < 1y <

min(|m|, |/|) and 0 < ry < max(|(],|e|). By the proof of Proposition 4.3.2, there is a
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global K > 0 such that
1] +m| < |a'b™c™ | < I + |m| + K.

The bound on r5 depends only on 6, (since the integers ( and e depend only on 6,),

so for our fixed coset tH; there is a constant L > 0 such that
| 4+ |m| < |albmc’”| < ||+ |m|+ K + L.

Now by Lemma 2.2.11 there exists M > 0 such that any element of the form ta'b™c"
(and hence the H;-conjugacy class [ta!b™c"]y,) has length at least |I| + |m| — M,

and at most |a'b™c"| + M. In particular we have
|+ |m| = M < |ta'b™c"| < |l] + |m| + K + L + M.

Thus each ta'b™c” € S is within bounded length of being a minimal-length conjugacy

representative, as claimed.

Cased=1,d, #0
2—dy 4+ /d2—4d;
2

checked that the only integer values of d; for which |A\| =1 are d; € {1,2,3,4}.

From equation (4.5) we have a +§ = 2 — d;, and so A\ = . Tt is easily

Thinking of H; embedded in R3, from equation (4.4), we see that the H;-

conjugacy class of h lies on a parametric surface given by

X

Yy € - 1 ) + ,z-n+f(2,]), Z,]EZ
Y J m

z

where f'(i,7) = —oryi(i;l) —ﬁéj(j;) +(e+i—1)(vi+dj)—ijBy—ij+im—C_(ai+57).
By considering the projection onto the z—y plane, we see that there are at most
det D; = d; € {1,2,3,4} distinct orbits on a given surface. No two surfaces can
intersect (since if they did it would violate the fact that the map D; is injective).
Thus at most ~ n? surfaces pass through any vertical axis in the n-ball (since

B(n)NtH behaves like B(n)N H). So there are at most ~ n? surfaces in B(n) NtH,
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and hence at most ~ n? conjugacy classes. Therefore the relative conjugacy growth

of tH; is O(n?) in this case.

Case d = —1

In this case we have f(0,0) = —2k. If z = ¢ for some k € Z we have 0;(z)hx™! =
alb™c»=% . So conjugating only by elements ¢*@ € H; already reduces to just two
conjugacy classes at each ta'b™(c), and further conjugation will only reduce this.
Therefore the following is a sufficient set of representatives for the Hi-conjugacy

classes in tH;:

{td'v"c | I,m € Z,e € {0,1}} .

An analogous argument to that made for the set S above shows that the elements
of this set are within bounded length of minimal-length conjugacy geodesics. Thus
in this case the contribution to the conjugacy growth from the coset tH; is at most
equivalent to the relative growth of this set, which is O(n?).

In summary, cosets tH; where 6; € Inn(H;) have relative conjugacy growth
O(n*logn), and cosets where 0; € Aut(H;)\Inn(H;) have relative conjugacy growth
O(n?). Thus the conjugacy growth of G is O(n?logn). O

The following corollary is proved in the same way as Corollary 4.3.4 above.

Corollary 4.5.3. If G has a finite-index subgroup isomorphic to Hy, then G has

transcendental conjugacy growth (with respect to any finite generating set).

4.6 Free nilpotent groups

We end the chapter with a brief discussion of free nilpotent groups of class 2. Guba
and Sapir [40] claim without proof that for any finitely generated nilpotent group,
the conjugacy growth is bounded above by n? where d is the Hirsch length. In this

section we provide a counter-example.

Definition 4.6.1. Let F,. denote the free group of rank r. Then the free nilpotent

group of rank r and class ¢ is the quotient F,./ F9. 1t has the presentation
Nye=(a1,a9,...,a, | [aiy, a5y, a;,] =1 Vi, € {1,2,...,1}).
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Note that the group N, is precisely the Heisenberg group H;.

Proposition 4.6.2. The free nilpotent group N,o has conjugacy growth at least

equivalent to n"=1.

Proof. Since [N, N,.5] is central (and therefore abelian), the conjugacy growth
of N, can be expressed as the sum of the standard growth of Z := [N, 2, N, o]
(relative to N, ) and the conjugacy growth of N, \ Z (relative to N,2). Therefore
the conjugacy growth of N, 5 is bounded below by the standard growth of Z (relative
to G).

We claim that Z has growth equivalent to n”"~1). Observe that Z is free abelian
of rank (}), generated by the commutators of the form [a;, a;] for i # j. By a similar
argument to Lemma 4.1.6, each infinite cyclic factor ([a;,a;]) < Z has quadratic
relative growth. Since there are (;) such direct factors, and they all commute, Z

has growth equivalent to (nz)(;) =n"""Y as claimed. O

The Hirsch length, h(N,2) = 7+ (}) = 222, For r > 4, r(r — 1) > 47 and so

2

N,y (n) = "D - 2", which contradicts the claim of Guba and Sapir.
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Chapter 5

Soluble Baumslag-Solitar groups

This chapter is based on joint work with Laura Ciobanu and Turbo Ho, appearing
in the paper [11]. We study the conjugacy growth series of the soluble Baumslag-
Solitar groups of the form BS(1, k), defined below, with respect to their natural
generating sets. In Section 5.1 we show that a certain subgroup Z; has rational
relative conjugacy growth. The complement of this subgroup is then shown to have
transcendental relative conjugacy growth (Proposition 5.3.1) resulting in our main
conclusion (Corollary 5.3.2) that the group as a whole has transcendental conjugacy
growth series. We also provide explicit formulae for this growth series, and study
the growth rate (see Section 2.2.1) showing in Corollary 5.3.3 that the conjugacy
and standard growth rates are equal.

Throughout the chapter, we will write
G = BS(1,k) = (a,t | tat™" = a")

where k£ > 2 is a natural number. Lengths will always defined with respect to
the symmetric generating set {a*',t*'}. Let Z; = Z[3] = {z € Q | k"z €
Z for some n € Z} and consider the semidirect product Z; x Z, where the action
of Z on Zj is multiplication by k. Then BS(1,k) = Zj, x Z, with the isomorphism
given by a — (1,0) € Z; and t — (0,1) € Z where we write an element of G in the
semidirect normal form (x,m).

Suppose that m > 0. Since

t™)*=at™a " =a-a "t = (1 - k™, m) (5.1)
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and a' = a*, we get that conjugation by generators amounts to:
(x,m)* = (z+ (1 — k™),m) and (z,m)" = (kz, m). (5.2)

The form of geodesics in the soluble Baumslag-Solitar groups has been studied in
several articles, and we summarise here the results in a form convenient for further
use. The following propositions are derived from section 4 of [17]. We restrict for

now to only those elements with zero t-exponent sum.

Proposition 5.0.1. Let k = 2r + 1 for some positive integer r. The set &, of
words in the following forms comprises a set of unique geodesic representatives for

the elements of the subgroup Zy.

(0a.) {e,a™, ... aTt1}

(Ob.) {a®ta® ---ta®t 1 |d > 1,24 #0,A}

(Oc.) {tta®ta®™ ---ta®t=|b,c,d > 1,d =b+c,m0 # 0,24 # 0, A}
(Od.) {t~%a®ta® ---ta® | d > 1,29 #0,A}

Here A signifies the conditions |xq| < v+ 1, |z;| < r fori <d, and if x4_1 = £r

then x4 # F1.

Proposition 5.0.2. Let k = 2r for somer > 2. The set &, of words in the following

forms comprise a set of unique geodesic representatives for the elements in Zy,.
(Ea.) {e,a®!, ... a0}

(Eb.) {a®™ta® ---ta*it~?|d > 1,24 # 0, A, B}

(Ec.) {t~ba™ta™ ---ta®it=¢|b,c,d > 1,d=b+c,x9 # 0,24 # 0, A,B}

(Ed.) {t~%a®ta® ---ta® | d > 1,79 # 0, A}

Here, A signifies the conditions |z4] < r + 1, and for each 0 < i < d, |x;] <
r, if xiy =1 then 0 < x; < r fori < d, and if x;-1 = —r then —r < z; <
0. And B signifies that the following subwords are forbidden: a*ta*—2taFlt1,

a/:l:(’l’—l)taZFlt—l )
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Proposition 5.0.3. Let k = 2, i.e. G = BS(1,2). The set & of words in the
following forms comprise a set of unique geodesic representatives for the elements

m Zy,.

(2a.) {e,a*!, a*2, a3}

(2b.) {a®ta®™t---ta®t=|d > 1,|zq4| € {2,3}, A}

(2c.) {t~%a™ta® ---ta®it=¢ | b,c,d > 1,d=b+c,x9 # 0, |4 € {2,3}, A}
(2d.) {t~%a™t---ta® | d > 1,29 #0,A}

Here, A signifies the conditions |x;| <1 fori <d, if x;_1 # 0 then x; = 0 fori < d,

if tg >0 then xq4_1 >0, and if x4 < 0 then x4_1 < 0.

5.1 The conjugacy classes [(x,0)] in BS(1,k)

In this section we show that the conjugacy growth series of the subgroup Zy, relative
to G = BS(1, k), is rational with respect to the generating set {a,t}. We explicitly
calculate the series via context-free grammars, and extract the growth rate. We note
that Freden, Knudson, and Schofield [32] also use context-free grammars to calcu-
late growth series, but they are concerned primarily with the so-called horocyclic
subgroup, (a) in our notation, which is a proper subgroup of Z. In fact, Zj is the
normal closure of (a).

We treat the cases of odd and even k separately.

5.1.1 0Odd case

Let k = 2r 4+ 1 for some integer r > 1.

Proposition 5.1.1. In BS(1,2r + 1) the set of words
Co = {e,a*t, ... a* TV U {a™ta™t - ta®t™¢ | d > 1,29 # 0,24 # 0, A},

where A signifies the conditions |xq| < r+ 1, |z;| < r fori <d, and if x4y = £r
then xq # F1, comprises a set of unique geodesic representatives for the conjugacy

classes of G that lie in Zy.
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Proof. Let &€, be as in Proposition 5.0.1 and note that C, C £,. We use the following
key observation: if an element is represented by a word in &, \ C,, then it cannot be
represented by a word in C,, by the uniqueness condition on &,. We will first prove
that no pair of words in C, represent the same conjugacy class, and then prove that
every word in &, is conjugate to a word in C, with at most the same length. Then
since every group element is represented in &,, every conjugacy class is represented
(uniquely) in C,. Furthermore, this unique representative has length at most that
of each of the corresponding (element-minimal) representatives in &,. This proves
the proposition.

Proposition 5.0.1 implies that no two words in C, represent equal elements. We
show that no two words represent conjugate group elements either. Suppose, on the
contrary, that w,v € C, represent conjugate elements. So there exists a non-zero
integer m such that ¢t™wt™™ =5 v (since a commutes with every element of Zj, and
hence with every element of C,). First suppose that w = a” for |n| < r + 1. Then
t™a™t™ 1 is a word in either (Ob.) (with zo = 0) or (Oc.), depending on the sign
of m, and thus by the above observation the word v ¢ C,, which is a contradiction.
Now suppose that w = a*°ta®t---a%t=9 for d > 1, xy # 0, with conditions A. So
v = t"wtT™ = t"a®ta®'t - - a%t=4™ If m > 0, v is a word in (Ob.) (and not in
Co,). If m <0, v is a word in either (Oc.) or (Od.). In both cases v ¢ C,, which is
again a contradiction.

Now let w € £,. We show that there exists v € C, such that w and v represent
conjugate group elements, and moreover |w| > |v| (as words). We assume that
w ¢ C, (otherwise the claim is trivial). First, suppose that w is in form (Ob.),
and let ¢« > 0 be such that x; is the left-most non-zero power of a. Then the
word v = a%ta®+t - --ta®¥t~ 9" is in C, and represents a conjugate of w. Further,
the number of a*'s in v is the same as that in w, and the number of t*!'s in v is
(d—1i)+ (d — 1) < 2d and therefore |v| < |w|. Now suppose w is of the form (Oc.)
(resp. (Od.)). Let v = a™ta™t...a%t~?. Since v is a leftward cyclic permutation
of w by b (resp. d) places, the words represent conjugate elements and are of equal

length. [
Proposition 5.1.2. Let k = 2r + 1, where r > 1.
1. In BS(1,k) the set C, is unambiguous context-free.
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2. The subgroup Zy. has rational relative conjugacy growth.

Proof. (1) We show the language is context-free by exhibiting an explicit grammar.
We use capital letters for variables and lower case for terminals. Write a™ as
shorthand for the concatenation of n copies of the terminal a*!. It is straightforward
to see that the following context-free grammar, starting from S, produces the set
in question unambiguously. Each production rule either replaces a variable with an
appropriate power of a, or adds corresponding instances of ¢t and t~!, together with
appropriate powers of a (including a®). If a” or a™" are produced, restrictions apply

via V and W.

S—e|lA|T, A=a |-~ Jat|al| - |a™!

B—a ™| o a] e |7 T BUE | tVE o tWE!
U= AU T, Vtut | Tla" " | Ja?]al| - |a™
W=ttt |T)a" ] - Jat|d®] - | ath

(2) By Theorem 2.5.2 the growth series of the language C,, and hence the relative
conjugacy growth series of the subgroup Zy, is algebraic. However, a stronger result
holds here. Applying the DSV method (see section 2.5) to the grammar above gives
the growth series of the language C,. The production rules become the equations:

r+1 r+2
)
z

S(2) =1+ A(2) +T(2), A(z)= ZZ 2= 2%
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Solving these equations for S(z) we find that

9,r+6 _ 945 g rti 9 5T H2 33 2_,_1
S,(z) = S(z) = z z 2T+ 2274+ 327 4 2 z ‘ (5.3)

23—22’T+3—|—Z2—|—Z—1

[]

Example 5.1.3. For illustrative purposes, we derive an element of C, using the
grammar described above. The table below lists, on the left, the production rules
used to produce the word at?*a"ta=2t=3, and the result of applying each rule on the

right.

production rule result
S—=T T

T — BtUt™* BtUt™!
B —a atUt™!
U—tUt? at*Ut—?
U—T at*Tt2
T —atVt? at*a"tVi3
V —a? at’a"ta=*t=3

Corollary 5.1.4. The conjugacy classes in Zy, for k = 2r + 1, have growth rate in
the range (3,2).

Proof. Denote by d, the denominator of S(z) in (5.3), that is, d,(z) = 2% — 22" +
22 4+2—-1=231—-2") + 2(1 — 2"2) + (22 — 1), which implies that for z € (—1,0),
do(z) < 0. Also, do(3) = —% — 57z < 0 and do(2) = 5F — 2(3)" > 0, so there is a
root p, € (3,3) of d,. Furthermore, d,(0) = —1 and d,,(z) > 0 for z € [0, 3], so p, is
the real root with smallest absolute value.

Write a = pg for ease of notation. The fact that a is a root of the denominator
gives 2a"? = a® 4+ a® + a — 1. Using this identity we can substitute each a=" by the
appropriate expression into the numerator and obtain 2a"+6 —2a"+® —4a"+* 424" 2 +

3al+a?—a—1 = a"—2a°—a*+a®+2a>—1. Furthermore, a’—2a° —a*+a*+2a*—1 =0

only for a = £1, which is not the case, as a € (%, %) Thus p, is not a root of the
numerator of S(z) in (5.3), so the growth rate, which is the reciprocal of p,, lies in

the given range. O
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5.1.2 Even case

Let k = 2r, for some integer r > 2.

Proposition 5.1.5. In G = BS(1,2r), r > 2, the set of words
Ce={e,a™, ... a*" VYU {a™ta®™ ---a®t~? | d > 1,A, B, 20 # 0}

comprises a set of unique geodesic representatives for the conjugacy classes of G that
lie in Zy. Here, A signifies the conditions |xy| < r+ 1, and for each 0 < i < d,
lz;| <7, if w1 =7 then 0 < z; <71 fori <d, and if x;_1 = —r then —r < z; <
0. And B signifies that the following subwords are forbidden: a* ta*—2taFlt!,

a:l:(’l’—l)ta:Flt—l )

Proof. Let &, be as in Proposition 5.0.2 and note that C. C &£.. We use the following
key observation: if an element is represented by a word in &, \ C, then it cannot be
represented by a word in C., by the uniqueness condition on &.. We will first prove
that no pair of words in C, represent the same conjugacy class, and then prove that
every word in &, is conjugate to a word in C, with at most the same length. Then
since every group element is represented in &, every conjugacy class is represented
(uniquely) in C.. Furthermore, this unique representative has length at most that
of each of the corresponding (element-minimal) representatives in &. This proves
the proposition.

Proposition 5.0.2 implies that no two words in C. represent equal elements. We
show that no two words represent conjugate group elements either. Suppose, on the
contrary, that w,v € C. represent conjugate elements. So there exists a non-zero
integer m such that t™wt™™ =g v. First suppose that w = a" for [n| < r+ 1. Then
tma"t™~! is a word in either (Eb.) (with zy = 0) or (Ec.), depending on the sign
of m, and thus by the above observation the word v ¢ C., which is a contradiction.
Now suppose that w = a®ta®'t---a%t=? for d > 1, xy # 0, with conditions A and
B. So v = t"wt™™ = tma*ta®'t---a®t=4™. If m > 0, v is a word in (Eb.) (and
not in C.). If m < 0, v is a word in either (Ec.) or (Ed.). In both cases, we have
v ¢ C., which is again a contradiction.

Now let w € &,. We claim that there exists v € C. such that w and v represent

conjugate group elements, and moreover |w| > |v| (as words). We assume that
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w ¢ C. (otherwise the claim is trivial).

There are two exceptional cases. First, suppose
w = t"%a®ta™ - - - a1 2tqT T Ve

with d > 1 and conditions A (so in particular w is in the form (Ed.)). Then w is
conjugate to the element represented by a®ta® - - - a*-1ta*("VtqF1¢~¢ This word
contains a forbidden subword and therefore does not satisfy condition B, so is not in
C.. However, it represents the same element as v := a*ta*" - - - a®-1taTr+D¢—d+1 ¢
C.. We also have [w| = 52 2+ (r—1)+142d > N2 a4+ (r+1)+2(d—1) = |v].

For the second exceptional case, suppose
w = t"%a™ta™ - - - " 3tataT D ta T
Then w is conjugate to the element represented by

a®ta™ - - - a®-3ta T ta e T,

which contains a forbidden subword, but represents the same element as v :=

a®ota® - - - q¥i-3tq Tt T4+l ¢ ¢ In this case we have

d—3 d—3
|w|:in+r+(r—2)+1+2d=Z$i+7“+(7"+1)+2(d_1):’U|-
i=0 =0

For the general case, where w is in the form (Eb.), (Ec.), or (Ed.) (excluding the
exceptional cases) and is not already an element of C., it is clear that conjugation
by t*! an appropriate number of times takes w to a word in C,, which has at most

the same length as w. O
Proposition 5.1.6. Let k = 2r, r > 2.

1. In G = BS(1,k), the set C. is an unambiguous context-free language.

2. The subgroup Zj has rational conjugacy growth.

Proof. (1) We claim that the following grammar, with S as the starting point,
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generates C. unambiguously.
S—e|lA|T, A=sa Vg™ |- |atal] - |a™

T — BtUt™ | o™tV o "tWit™ | o™Xt | a0 Dyt !

B—a "¢ |.ja al-- a2 U—tUt™|T
V—ald |- |a [ tU | atUt™ |- | o™ 3tU | a2 Xt ! | o X!
W—oatla?| oY tUt ™ o tULL] -
e U oty | o Yy
X—=a ™™g ja?|ala®|--|a|U
Y s oD la™" | -~|a*2|a*1 |a2 | _Hlarﬂ U

Starting from S, this grammar produces words in C. by choosing the values of the
powers x; from left to right, while keeping track of the number d of such powers. If
x; is chosen to be £r or £(r — 1), restrictions apply to the following power.

(2) We use the grammar above to explicitly calculate the growth function. The
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grammar yields the following system of equations.

r+1 r+2)

S(z) =1+ A(z) + T(2) _QZZ (z=2")

T(z) = t*B(2)U(2) + 22"V (2) + 22" X (2),

B(z) = QZzi = 2(2%'{), U(z) = 2°U(2) + T(2),
V(z)=W(z) = i 2+ 22U (2) i 22X ()Y
= i__i + Z2U(2)—1 1—_22 + 22X (2)(2" 2 4 27,
X(2) = —2iz—z+U (Z_—“"M)—U(z)

Solving these for S(z) yields the following rational expression:

n(z) =1 —22"F2 4223 4 2% £ 222 — 423740 4378 9,248 4 3044 g,rt6
d(z) (222744 — 22744 — 23 422742 — 22 — 2+ 1)(2 — 1)

(5.4)

426+2r _ 2Z2T+7 + 2227‘—1-2 + 2Zr+5 _ 6Z2r+4 _ 6ZT+3 + 6zr+4
(22274 — 2pmHd — 23 4 22742 22 2 4 1)(2— 1)

That is, the denominator of S(z) is d(z) = (222 — 22771 — 23 4 2,712 — 22 — >
1)(z — 1) and the numerator n(z) = —1 + 222 4+ 223 + 2% — 22712 — 62713 + 627 +

2Zr+5 _ 4Zr+6 + 2Z2T+2 - 6z2r+4 +426+2r o 2Z2r+7 o 2Z2T+8 +4Z3r+4 _ 423r+6 +4Z3T+8 O
Corollary 5.1.7. The conjugacy classes in Zy. have growth rate in the range (%, 2).

Proof. For z € [—3,0], d(z) =222t — 2274 — 23 4 22742 — 22 — 24 1=(1—2) —
21— 2712 = 21— 22 +22712(1 - 2%) > 1 — 1 — £ > 0, so there is no root in
|, we have that d(z) = (1 — 2) — 2%(1 — 2*""2) —
7_%]
We also have d(3) = £ + 5375 — 375 + 507 > 0 and d(3) < 0. So there is a root
€ (1,3) of d. Furthermore, d(0) = 1 and d'(z) < 0 for z € [0, 3], so the real root

[—%,0]. Similarly, for z € [_%7 _

A1 =22 + 22721 — 22) > 2 — 5 —2(2)* > 0, so there is no root in [—

= 0o

2

with smallest absolute value lies in (3, 2).
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Write a to be the real root with smallest absolute value of d(z). The fact that
a is a root of the denominator gives 2a%"** — 2a™* + 24" 2 —a® —a®> —a+ 1 = 0.
In particular, 26" = 24" — 242 + @ +a’> +a—-1=0and a® +a®> +a—1 =

20>t — 20" 4+ 2072, Using these identities we get that
n(a) = =1+ 2a? + 2a® + a* — 2a"? — 64”2 + 60”4 + 24" — 4qrto+2atTT
o 6a2T+4 + 4a6+27“ _ 2a2’r‘+7 o 2a2r+8 + 4a3’l“+4 o 4a3r+6 + 4a3’r+8
=(a+1)(a®*+a*+a—1)—2a""2 — 64" + 64" + 24" — 4476 4 20272
_ 6a27'+4 4 4a6+27' _ 2a27'+7 _ 2a27'+8 + 2a27'+4(2a7' _ 2a7'+2 + 2a7'+4)
=(a+1)(2a* ™ — 2" +2a"%) — 2" "% — 60" 4 6a" T + 2270
_ 4a’l“+6 4 2a2r+2 _ 6a2’r+4 4 4a6+2’r‘ _ 2a2T+7 _ 2a2r+8
+ (20" = 20" +a® +a® +a—1)(2a" — 24" 4 24" 1Y)

=2a"(a+ 1)(a —1)*((a® —a —1)a" % + a* +a® — 1)

However, a € (1,3) implies a® —a—1 < 0 and a’+a®—1 < 0, s0 ((a®* —a—1)a" "+

a® +a*—1) < 0. Also a # —1,0,1, so a is not a root of the numerator of S(z) in

(5.4), and thus the growth rate, which is the reciprocal of a, lies in the given range.

[]

5.1.3 The case k =2
Let G = BS(1,2).

Proposition 5.1.8. In BS(1,2) the set of words
Cy = {e,a™,a®®} U {a™ta™t - - - ta™t™% | d > 1,|z4] € {2,3}, 20 # 0, A}

comprises a set of unique geodesic representatives for the conjugacy classes of G
that lie in the subgroup Zi. Here, A signifies the conditions |x;| < 1 fori < d, if

i1 # 0 thenx; =0 fori <d, ifvg >0 thenxyg 1 >0, and if x4 < 0 then x4 < 0.

Proof. Let & be as in Proposition 5.0.3 and note that C C &. As above, we use the

following key observation: if an element is represented by a word in &, \ Cy, then it
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cannot be represented by a word in Cy, by the uniqueness condition on &. We will
first prove that no pair of words in Cy can represent the same conjugacy class, and
then prove that every word in & is conjugate to a word in Cy of at most the same
length, proving the proposition.

We show that no pair of words in Cy represent conjugate elements. Let w € Cy
and suppose on the contrary that it represents the same conjugacy class as some
v € Cy. Since no pair of words in & represent the same element, there exists m # 0
with ¢™wt™™ =g v. First consider the case where w € {a®™ta®'t---ta®t=¢ | d >
1, |zq] € {2,3}, 20 # 0, A}. Then t™wt™™ has the form (2b.) with zy # 0, or (2¢.),
or (2d.), which contradicts the key observation. Now consider the case w = a*!,
with m = 1. Then twt™! = ta™'t™! =4 a™?, and hence the word twt~! cannot be

1 with m = —1, we

in Cy by the uniqueness condition on &. In the case w = a
have t~!wt in the form (2d.), again a contradiction. Next, consider w = a*' with
|m| > 2. We have t™at't™™ =g t™ 1a*?%~ (™= which is a word in the form (2b.)
with g # 0, or (2c.), or (2d.), again contradicting the key observation. Finally
consider the case w = a®3. Then t™a*®t~™ is in the form (2b.) with zy # 0, or
(2c.), or (2d.), again contradicting the key observation.

Now let w € &. We show that there exists v € Cy such that w and v represent
conjugate elements, and that |w| > |v|. We assume w ¢ C,. Firstly, a*2 is conjugate
to a®! € Cy, which has strictly shorter length. Now suppose w = t~%a®t - - - a%-1tq €

(2d.), where z4_; € {0,1}. Then w is conjugate, via t%, to a®t - - - ta*-1tat?, which
has the same length. This word represents the same element as a™t - - - ta%-1+2¢4=1 ¢
C, which has strictly smaller length. Similarly, if w = t~%a®t- .- a%-ta™! € (2d.),
we must have x4 1 € {—1,0}, and w represents the same conjugacy class as the

shorter word a®t - - - ta®¢-1-2t3=1 € C,. In all other cases, w is clearly conjugate, via

an appropriate number of t*'s, to a word in Cy of equal or shorter length. O]
Proposition 5.1.9. The subgroup Z, < BS(1,2) has rational conjugacy growth.

Proof. 1t is straightforward to see that the following grammar, starting from S,
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produces C, unambiguously.
S—e|lA|T, A=wa?|a'|ald®
T — at?Ut™? | a "H2Ut? | ata®t™' | ata®t™' | a ta®t™" | a ta®t 1,
U=ttt |T|a?|a?]|a®]|d
The grammar becomes the following system of equations.
S(z) =14+ A(2) +T(2), A(z) =2(z+ 2,
T(z) =22°U(2) +22° + 225, U(2) = 22U (2) + T(2) + 2(2* + 2%).

Solving these yields the following rational expression:

_1—|—2z—z2—225—226+2z7—228
- 1—22—-225 ’

S5(2)

Corollary 5.1.10. The conjugacy classes in Zs < BS(1,2) have growth rate ap-
proximately 1.348.

Proof. The only real root of the polynomial 1 — 2z? — 22° the denominator of (5.5),
is approximately 0.742. Denote this root by a, so that 1 — a? — 2a® = 0. Using this
identity, we find that the numerator of (5.5) is equal to a +a? —a* +a® when z = a.
Since a* < a?, we see that a is not a root of the numerator. Therefore the growth

rate is the reciprocal of a, approximately 1.348. O]

5.2 The conjugacy classes [(x,m)], m # 0, in BS(1, k)

In this section we find and describe a set of minimal representatives for the conjugacy

classes of the form [(z,m)] with m # 0.
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5.2.1 The conjugacy geodesics

We first need the following result by Collins-Edjvet-Gill, which although stated for
k even, also holds for k odd.

Lemma 5.2.1. [17, Lemma 2.2] Let w be a geodesic word. Then:

1. If w has a subword of the form t~"ata''t - - -tai"t=*%, where ig, i, # 0, r,5,n >

1, thenr +s < n.

2. If w has a subword of the form tTa®t ta™t=1 ...t~ ta't*, where ig,i, # 0,

r,s,mn>1, thenr+s <n.

3. w has at most one subword of the form t~'a't where i # 0, and at most one

subword of the form ta't™' where i # 0.

The following proposition shows that a conjugacy geodesic w has no ‘pinches’,

that is, no subwords of the form t~!a’t or ta’t~! where i # 0.

Proposition 5.2.2. Fvery conjugacy geodesic w for [(x,m)] with m > 0 must be, up

to a cyclic permutation, of the form a™ta™'t---a*'t for some xqg, -+ ,Tym_1 € Z.

Proof. Let w be a conjugacy geodesic for [(z, m)].
Suppose that w contains t~! non-trivially. By Lemma 5.2.1 (3), after cyclically

permuting w if necessary, we may assume that
w = a*ta™t---a*ta¥nt ottt gYmrig !

with xg,y, # 0, and n > m. Since a commutes with any word with t-exponent sum

equal to zero, we can rewrite w as follows, without increasing its length:

w = a™ta"t - - - ta® 1 (taynt_l)ay’“lzf_lay"*2 sl

= a®tq®t . .- g¥r2 (t2aynt—1azn—1+yn—1t—l)ayn—z . aym+1t_1

— a%otq®tt - .. ammtn—maynt—laznﬂ—kynqt—l . azm+1+ym+1t_1.
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For ease of notation we will rename exponents so that

w = a®ta®t - - - a"m " "Vt gVt gYmg L

and note that its cyclic permutation

a®it- - - al‘mtn—maynt—layn—lt—l . aym+1t—1aﬂﬁot

has a subword " ™a¥nt ta¥n-1t71 ... q¥m+1t71g%0¢ which contradicts Lemma 5.2.1
(2). So, w cannot contain any 1.

Thus, w must have the form a™ta*'t---a®'t, up to a cyclic permutation. [J

Now by checking through the list of geodesics in [17, Section 4], we see a conju-
gacy geodesic must be of the form (MWela). Translating this to our language and
using the fact that a cyclic permutation of a conjugacy geodesic is still a geodesic,

we obtain the following proposition:

Proposition 5.2.3. In BS(1,k), every conjugacy geodesic w for [(x,m)] with m >
0 must be, up to a cyclic permutation, of the form a*ta™t---a*™1t for some

oy Tm—1 € Z such that:
o [fk=2r+1isodd, then |x;| <r for everyi.

o [fk =2r is even, then |x;| < r, and for each i, if x;—y = r then 0 < z; < r,
and if x;_y = —r then —r < x; < 0. (Here and henceforth in this section, we

use the convention that x_y = x,,_1.)

5.2.2 The conjugacy representatives

We now give conjugacy representatives for a fixed m > 0. Recall that by 5.2 two
elements (x,m) and (y,n) are conjugate only if m = n, so it suffices to restrict the

analysis to elements of the form (x,m), with m fixed, in the following arguments.

Lemma 5.2.4. Suppose k = 2r +1 and m > 0. Let

A = {a™ta™t---a" 1t | x| <r}p\{(a7"t)"}.
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Then two words in A, are conjugate if and only if they are cyclic permutations of

each other, and every word in A,, is a conjugacy geodesic.

The proof of the odd case is the same as the proof for even case, but simpler.

Thus, we shall only prove the even case.

Lemma 5.2.5. Suppose k = 2r andm > 0. Let A,, be the set of words a*°ta™'t - - - a*™ 1t

satisfying
1. |z <,

2. for each i, if x;_ 1 =1 then 0 < x; <r, and if xv;_1 = —r then —r < x; <0,

m m
2 2

3. if m is even, (a” " Vta"t)z and (a "ta” " V)2 are excluded from A,,.

Then two words in A, are conjugate if and only if they are cyclic permutations of

each other, and every word in A, is a conjugacy geodesic.

Proof. We first show that two distinct words, a*°ta®'t---a*"-'t and
a¥tav't---a¥n-'t, in A, cannot be conjugate by a’, ¢ # 0. Suppose we have such a

pair, and suppose these two words represent the elements (z,m) and (y,m). Since
m—1

v = 3 wk', (1) implies that || < (k" — 1) 555, and similarly [y] < (k" —1) 5585
—

The Zconjugation by a’ translates into x = y + £(k™ — 1), which together with the
above inequalities forces || = 1. Without loss of generality, we will assume that
(=1.

Nowasl =1, x—y = mz_l(xz—yz)k;’ =k"—1=(k=1)+(k—1D)k+---+(k—1)k™1.

i=0
Suppose x; —y; # k — 1 for some i, and let i; be the smallest such index. By taking

m—1
<$i_yi)ki:(k—1)—|—(k—1)k+...+(k_1)km—1 (5.6)

i=0
modulo &% we must have x;, —y;, = —1 since all higher terms are 0 (mod k1),

all lower terms on both sides cancel, and so (x;, — y;, )K" = (k — 1)k" (mod k" T1)
(and |z;, — i, | < k). By taking equation (5.6) modulo k72, similar computations
show that z;, y1 — y;,41 =0 (mod k). If ;11 — y;,+1 = 0, then the same argument

implies ;42 — Yi,+2 = 0 (mod k), etc. Suppose i is the first index such that

Tiy — Yig 7& 0.

103



Chapter 5: Soluble Baumslag-Solitar groups

o If z;, —y;, = k, this forces z;, = r and y;, = —r. By (2), this means 0 <
Tipyr <7Tand 0>y, > —7,50 0 < 2401 — Yir1 < k—2. But equation (5.6)

modulo k22 implies 74,1 — ¥i,11 = —1 (mod k), a contradiction.

o If ;, —vy;, = —k, this forces z;, = —r and y;,, = r. By (2), this means
0>z >—rand 0 <y, <7,800 > 25,41 —Yi+1 > —k+2. But equation

(5.6) modulo k%2 implies =, 11 — ¥i,+1 = 1 (mod k), a contradiction.

This means that we actually have x; —y; = k — 1 = 2r — 1 for all i. Thus, (z;,y;) =
(r,—r+1) or (r —1,—r) for every 7. But by (2), m must be even since the r and
r—1 need to alternate in w as a cyclic word, and a¥ta¥'t - - - a¥=—1t = (@ "ta""t1t)%
or (a7"*'ta="t)> . This violates (3), and thus any two distinct words in \A,, cannot
be conjugate by a’.

Now let w = a*ta™'t---a*'t € A, and suppose some word u in A, is
conjugate to w, that is, w = u®", where (z,1) € BS(1,k). Consider the cyclic
permutation w’ of w ending in ¢ given by w’' = w?, where v = a*ta*'t---a*-1t
and T, = T, modm, for any p € N. Clearly w' is also in A,,, and v has the
form (y,1). Then wED T D = o/ so u is conjugate to w’ by a power of a since
(z,1)"Y(y,1) = (2,0) for some z € Z, which gives a contradiction to our previous
claim. Thus u must be a cyclic permutation of w, proving the first assertion of the
lemma.

Suppose w = a*™ta*'t---a"'t € A,,, and take a conjugacy geodesic u of [w].
By Proposition 5.2.3, u is a word in A4, if it is not excluded by (3) and by the first as-
sertion of this lemma, w is a cyclic permutation of u, thus also a conjugacy geodesic.
If u is of the form described in (3), then by the proof above, w = (a"~'ta™t)? or
(a"ta"t)

m
2

and has the same length as u, so is also a conjugacy geodesic. O]

The above discussion concerns the case when m > 0. The antiautomorphism
(x,m) — (x,m)"" = (=%, —m) provides a bijection between elements of the form
(x,m) and those of the form (y, —m). Since ¢! has the same length as g, and taking
inverses preserves conjugacy, the results above translate to the case when m < 0.
Thus, writing A, = |J A, and A_ = A}, we have the following description of

m>0
conjugacy representatives:
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Corollary 5.2.6. The set A, modulo cyclic permutations, gives a set of minimal
length conjugacy representatives for the conjugacy classes of the group BS(1,k) that

are not in the base group Zy.

1. Let k=2r+1,r>1. Then A= A, UA_, where

Ay ={a™ta™t---a™ 't |m>1 x| <r for0<i<m—1}\{(a )" | m > 1},

A_={t"ra*t o™ -t e [ m > 1 |z < P\ {(taT)™ | mo > 1),

2. Letk=2r,r>1. Then A=A, UA_, where

={a"ta"t---a" 't |m>1|z;| < Vi(r;oy =+r = 0< £, <)}
\{(ata™"t)%, (e "ta )T | m>2,m=0 (mod 2)},

A-={t ™ttt et | m > 1 o] < Vi =4 = 0< £, < 7))}

\{(tta"t " E (e ) m > 2,m =0 (mod 2)}.

Proof. We have shown that the elements of A are conjugacy geodesics, unique up
to cyclic permutation. It remains to show that every conjugacy class of BS(1,k)
not contained in Z; has a representative in A.

By the observation above, we only need to show that for m > 0, every element
of the form (z,m) is conjugate to an element represented by a word in A,. Again,
we will only prove this for the more complicated case of k = 2r.

First, we show that any element of the form (z,m) is conjugate to an element
represented by a word of the form a™ta™t- - - a*'ta* (where x; € Z). From [17],

the element (z,m) has a (geodesic) representative in one of the following forms:
o MWela: a™ta®'t---ta™
o MWe2a: t™"a"ta*'t---ta**t", some 1 <n <m
e MWe3a: a*ta®'t---ta®*tt™" some 1 <n <m
o MWeda: t~'a™ta®t - - - ta®+n+it=" some n,l > 1, n+1 < m.
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Words in MWela are already of the required form. Cyclic permutation ensures that
words in MWe2a or MWe4a are conjugate to words in MWe3a. Such a word can be

expressed as follows:

i p— n K
a®ota™ - - - ta®m T = a®0ta® 't - - - taXi=o Ttk

by expressing the suffix a®"ta®+t---a*+"t~" in terms of a only. This is in the
required form.

Next, we show that any element of the form a*ta*'t---a*m-'ta®" is conjugate
to an element of the form a¥ta¥'t---a¥"—1t, where |y;| < r for all i. To see this,

consider the following procedure:

1. Choose i < m such that |z;| > r. Modify the word using the rewrite a* "+t
at~Yta*! (which doesn’t change the group element). Repeat this step until

there is no such 7.

2. Cyclically permute the (now possibly altered) a™ to the front of the word
(which doesn’t change the conjugacy class). If there is now some i < m with

|z;| > 7, return to step 1. Otherwise the procedure terminates.

Clearly if this process terminates we will have a word in the desired form. To see
that it does indeed terminate, consider the quantity h :=3"." |z;|. The rewrite in
step 1, applied to a® say, reduces |z;| by 2, and modifies |z;;1| by £1, depending
on signs, thus step 1 always reduces h. Step 2 cannot increase h, it either keeps it
constant or reduces it, depending on the signs of xy and z,,. Since h can never be
negative, the process must terminate.

Finally, we show that any element of the form a¥ta¥'t---a¥"—'t, where |y;| < r

for all 7, is conjugate to an element of A, . Consider the following procedure:

1. If there are any is with x;_1 = £r and +x; < 0, rewrite the left-most occur-
rence according to the rule a*"ta®t — aT"ta®*'t. Repeat this step until there

are no such 7.

2. If there are any subwords of the form a®"ta™t, rewrite the left-most such

subword to a™ ta¥"~Vta*!. Repeat this step until there are no such subwords.
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1

3. If the previous steps have resulted in a new a™' appearing at the end of the

word, cyclically permute it to the front. Return to step 1.

It is clear that if this process terminates, the new word will either be an element of
A, or will be in the set {(a™""'ta"t)%, (¢ "ta""t)% | m > 2,m = 0 (mod 2)}.
In the latter case, the word is conjugate to an element of A,. This finishes the
proof.

To see that the process terminates, note that since we work from left to right,
each step will only be repeated a finite number of times before moving onto the next
step. Furthermore, working left to right in step 1 also ensures that no additional
candidates for step 2 are created. Repeating step 2 any number of times will result

+1 appearing at the right hand end of the word. After cyclically

in at most one a
permuting, and returning to step 1, there may be a subword of the form a*"ta™"t at
the start of the word. However, after repeating step 2 as many times as necessary,
any letter appearing at the right hand end of the word will have the same sign at the

previous time, and thus when cyclically permuted cannot result in another subword

of the form a*"ta™t. Thus the process will terminate. O

5.3 The conjugacy growth series of BS(1, k)

In this section we show, in Corollary 5.3.2, that the conjugacy growth series of
BS(1,k) with respect to its standard generating set is transcendental. This fol-
lows from determining the asymptotics (and transcendental behaviour) of conjugacy

growth outside Z;, in the following proposition.

Proposition 5.3.1. The generating function for the number of conjugacy classes in

BS(1,k) of the form [(x,m)], with m # 0, is transcendental.

Proof. We compute the asymptotics for the number of conjugacy classes of length n
in BS(1, k) by finding the growth of the set A in Corollary 5.2.6. We show that this
growth is asymptotically of the form % (up to multiplicative constants). In order
to obtain this growth expression, we will not count the set A exactly, but make
simplifications along the way which will not affect the final result but will make the

counting easier.
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We start with the odd case &k = 2r + 1 and apply Corollary 5.2.6 (1). Since
there is a length-preserving bijection between A, and A_, it suffices to consider the
asymptotics for A,. Moreover, since the set N, = {(a™"t)™ | m > 1} being removed
has negligible size (there is at most one word in N, of length n for fixed r and n), it is
sufficient to compute the growth of A, := {a™ta™t---a* 't |m > 1,|x;| <r}. Let
S, :={t,at,a™'t,a*, a %, ..., a"t,a""t}. Then A, is equal to S*, so the generating

function for A, is A,(z) = #O(Z), where

1 __ AT
So(2) =2+ 2284+ 2 = 2 4227 : (5.7)
-z
is the generating function of S, (see Theorem 1.1 of [31]). We get
1 11—z
Ao(z) = — = (5.8)

1—2—222% 1 — 2z — 22 4 2zr+2°

The denominator of A,(z), that is, the polynomial p(z) = 1—2z—2%+22""2, satisfies
p(0) =1>0and p(3) < 0 (and p(3) = 0 for r = 1), so it has a root p, € (0, 3) (and
po = 3 for r = 1). Moreover, p'(a) = =2 — 20+ 2(r + 2)a" < 0 for 0 < a < 4,
80 p, is a simple root. Also, 1 — 2z — 2% + 2272 = (1 — 2%) — 2z(1 — 2"™1), so it
has no root in (—1,0). Thus the growth rate of the set A, is p%, > 2, which implies
that the number of words of length n in A,, and therefore also A, is asymptotically
¢o(r)p,™, where ¢,(r) is a constant depending on 7.

Now let k be even, kK = 2r. The counting is similar, except that we impose on
the set A, := {a™ta™'t---a® 't | m > 1,|z;] < r} considered above the conditions
from Corollary 5.2.6(2), that is, a"t and a~"t can each be followed only by r words
out of the total 2r + 1 in §. Call the set with these restrictions A., and let S, =
{t,at,a™'t,...,a" 't,a”" ¢, a®"tt, a* ta*t, . .. aT a1}

(and S, = {t,a*'tt} for r = 1). Note that S* does not include any words that end in
a”t or a~"t, but since we need to consider the set A, up to cyclic permutations, the set
S will in fact suffice to give the asymptotics for A, up to cyclic permutations, since
it ensures only ‘legal’ occurrences of a"t or a~"t appear when cyclically permuting

the words.
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Then since
Se(2) = 24222 - 422" + 2272 4. 427 (5.9)
+2 2227"_1 2 . _Z_ZQ+2ZT+1_QZT‘+2+22:2T+2
=z z — 277 =
z — z—1
we have
1 —
St il (5.10)

e T 19, 2 4 27l — 22 9520427

For r > 1, the denominator p(z) of (5.10) satisfies p(0) =1 > 0 and p(3) < 0, so
it has a root p. € (0,1). Moreover, p/(a) = =2 — 2a + 2(r + 1)a” — 2(r 4+ 2)a" ' +

2(2r + 2)o® !t < 0 for 0 < o < 4, s0 p. is a simple root, and the growth of the

languages SF, and consequently A, is pie > 0. (For r =1, p. ~ 0.590.) Also,

1 — 22— 22 4 22mF — 2272 4 222742 = (1 — 22) — 22(1 + 2")(1 — 27), so it has
no root in (—1,0). This implies that the number of words of length n in A, is
asymptotically c.(r)p.", where c.(r) is a constant depending on r.

Now in order to find the growth of the conjugacy classes for m # 0, we need
to count the number of representatives of length n in A, or A., up to the cyclic
permutation of the subwords in S, or S.. For each word in A, or A, there are m
possible distinct cyclic permutations unless that word is a non-trivial power. Given
that the number of powers is negligible compared to the total number of words (to
see this, suppose that an alphabet X consists of x > 1 letters; while the number
of words of length n over X is x", the number of proper powers of length n is
Dot < St < /2 and % — 0 as n — o0), for fixed n and m the

number of cyclic representatives of words in A, and A, is approximately co(r)p;’;n

pe”

and c(r)?s

, respectively. Since each word of length n in A, or A, consists of m

‘syllables’ of bounded length we get % < m < nin the odd case and T% <m<n

2
in the even case, so the number a¢ of cyclic representatives in the odd case satisfies

o r 4 p,”
CO<T) Pn <a, < CO(T>%

(5.11)
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and in the even case the number af, of cyclic representatives satisfies

;" (r+3)0c"
n o n

(5.12)

Finally, by [30, Theorem D] the generating function for any sequence with asymp-
totics of the form (5.11) or (5.12), that is, bounded on both sides by terms £-(up to

multiplicative constants), is transcendental. O

Corollary 5.3.2. The conjugacy growth series for BS(1,k), with respect to the

generating set {a,t}, is transcendental.

Proof. By Propositions 5.1.2, 5.1.6, 5.1.9, the conjugacy growth series for Z; (when
m = 0) is rational, and by Proposition 5.3.1 the generating function for conjugacy
classes of the form [(z,m)] with m # 0 is transcendental. Since the sum of a
transcendental function and a rational function is transcendental, we obtain the

result. O

Corollary 5.3.3. The conjugacy and standard growth rates of BS(1, k), with respect

to the generating set {a,t}, are equal.

Proof. We start with the odd case. By [17, Theorem (iii)] (see also [7, Lemma
11(b)]) the standard growth rate is the inverse of the smallest absolute value of the

t"+2 which appears in the denominator of

real roots of the polynomial 1 — 2t — 2 + 2
the standard growth series. But the same polynomial appears in the denominator of
(5.8), and since the smallest absolute value of real roots is p, < %, this will dominate
the growth rate of the conjugacy classes in Zj, which is smaller than 2 by Corollary
5.1.4. Thus the standard and the conjugacy growth rates are equal.

In the even case with k > 2, note that the second factor in the denominator in
[17, Theorem (i)] is identical to that in formula (5.10), and both denominators have
the same smallest absolute value of real roots p, < % which dominates the growth
rate of the conjugacy classes in Zj, which is smaller than 2 by Corollary 5.1.7, so
the two rates are equal.

In the case when k = 2, note that the second factor in the denominator in [17,

Theorem (ii)] is also a factor to that in formula (5.10), and both denominators

have the same smallest absolute value of real roots p, ~ 0.590 which dominates the
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growth rate of the conjugacy classes in Z;, which is approximately F142 ~ 1.348 by

Corollaries 5.1.10, so the two rates are equal. O

We note that it follows from work of Valiunas [58] that the relative standard
growth of the subgroup Z;, is bounded above by the standard growth of BS(1, k)\ Z.
Since conjugacy growth is bounded above by standard growth, this is sufficient to
prove Corollary 5.3.3, without using the specific bounds for Z; we computed in
Corollaries 5.1.4 and 5.1.7. However, the computation of those bounds adds to the
quantitative understanding of the conjugacy growth asymptotics and the formulae
for the conjugacy growth series of Z;, are necessary for the computations in the next

section.

5.4 Conjugacy growth series formulae

In this section we give formulae for the growth series of the conjugacy classes of
BS(1, k) outside the normal abelian subgroup Zj;. That is, we compute the gener-
ating function for the set A, up to cyclic permutation, given in Corollary 5.2.6.

In the description of A in Corollary 5.2.6 there is a length-preserving bijection
between A, and A_, so it suffices to consider the generating function for the set
A up to cyclic permutations.

In the odd k = 2r + 1 case, as the set N, = {(a™"t)"™ | m > 1} has generating
function N, (2) = 2,5 2(rHm it is sufficient to compute the generating function
of A, := {a*™ta™t---a" 't |m > 1,|x;| <r} up to cyclic permutation.

In the k = 2r case as the set N, = {(a™"+'ta™"t)%, (a "ta" )% |m >2,m =0
(mod 2)} has generating function N, (z) = 3, -, 2 9™ it is sufficient to compute
the generating function of A, = {a™ta®t---a® 't | m > 1,|x;| < rVi(x;—y =
+r = 0 < +x; < r)} up to cyclic permutation.

This is exactly the cycle construction (see page 26 in [31]) applied to the sets
S, = {t,at,a 't,a’t,at,... ,a"t,a" "t}
and

S.={t,at,a™'t,...,a" 't ,a”" ", aFtt, o tat't, . . 0 taT V),
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respectively, defined in the proof of Proposition 5.3.1. Thus by applying the formula
in [31, Theorem I.1], we get that

Cye(A)(2) = —o(k) log(1 — S,(2%)), (5.13)

where S,(z) is given in (5.7), and ¢ is the Euler totient function. In the odd case

we get

Coel ) = 3 ~Mog1 - 5,24, (5.14)

k=1

where S.(z) is given in (5.9). We thus obtain (note S, and S, etc are different):

Proposition 5.4.1. The conjugacy growth series for BS(1,2r + 1) is the series

So(2) + Cyc(Ay) — No(2),

where S,(2) is given by (5.3), and the conjugacy growth series for BS(1,2r) is

Se(2) + Cyc(Ae) — No(2),

where Se(z) is given by (5.4).
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Conjectures and future work

6.1 Rational Conjugacy Growth

We saw in Theorem 3.3.1 that virtually abelian groups always have rational conju-
gacy growth series. Every conjugacy growth series for a non-virtually abelian finitely
presented group which has been studied, has been found to be transcendental. This

leads us to make the following conjecture.

Conjecture 6.1.1 (see also [26]). The conjugacy growth series of any finitely pre-

sented group that is not virtually abelian is transcendental.

Note that we include finitely presented in the hypothesis as Hull and Osin have
constructed a group with exponential conjugacy growth which possesses an index
2 subgroup with only two conjugacy classes. So this subgroup has rational growth
(in fact, the growth series is simply a polynomial). However, this subgroup is not

finitely presented.

6.2 Growth Rates

Regarding growth rates, we ask the following question.

Question 6.2.1. If the conjugacy and standard growth rates of a group are equal

for some generating set, are they equal for all generating sets?

The question is related to the conjecture below. This has already been shown

to hold in hyperbolic [1], relatively hyperbolic [33], most graph products [14], and
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lamplighter groups [49].

Conjecture 6.2.2. For any choice of generating set, the conjugacy and standard

growth rates of a finitely presented group are equal.

6.3 Quasi-Isometric invariance

Definition 6.3.1. Let (X, d) and (X', d") be metric spaces. Then amap f: (X,d) —
(X', d') is a quasi-isometric embedding if there exist constants A > 1 and C' > 0 such
that

Sd(r,y) — € < (), f(y) < Mz, ) +C

for all x,y € X. If, in addition, there is a constant D > 0 such that for all z € X',
there is some w € f(X) with d'(z,w) < D, then f is a quasi-isometry. We say that

X and X' are quasi-isometric.

Any two Cayley graphs of the same finitely generated group are quasi-isometric.
This allows us to extend the definition above to groups. We say that groups G and H
are quasi-isometric if any (and therefore every) pair of their respective Cayley graphs
are quasi-isometric. There is considerable interest in identifying which properties of
groups are invariant under quasi-isometry. It is not hard to see that the asymptotic
behaviour of the standard growth function is such a property.

As mentioned above, Hull and Osin [45] exhibit a finitely generated group with
exponential conjugacy growth function, possessing a finite-index subgroup with only
two conjugacy classes. Since any group is quasi-isometric to its finite-index sub-
groups, this demonstrates that the conjugacy growth type of a group is not a quasi-
isometry invariant. On the other hand, the conjugacy growth of a virtually abelian
group is equivalent to its standard growth (see Proposition 3.0.1), and so conjugacy
growth is a quasi-isometry invariant in this very restricted context. The question
arises then as to which other groups fall into this category. A natural next class of
groups to consider would be the (virtually) nilpotent groups. The following Theorem

of Pansu gives insight into the nature of quasi-isometry in nilpotent groups.

Theorem 6.3.2 ([27],[51]). For a finitely generated nilpotent group G, the numbers

rk (GUHD /GO are quasi-isometry invariants.
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With this in mind, we venture the following conjecture, which would imply that

conjugacy growth was a quasi-isometry invariant in this class of groups.

Conjecture 6.3.3. The conjugacy growth of a finitely generated nilpotent group
G depends only on the numbers tk (GU) /GW), i.e. the torsion-free ranks of the

quotients of the lower central series.

6.4 Further Work

We conclude with some concrete research directions that arise directly from the work

in this thesis.

1. Theorem 4.3.3 shows that certain groups with a finite-index subgroup isomor-
phic to the higher Heisenberg groups H, have conjugacy growth equivalent to
that of H,. Theorem 4.5.1 shows that all virtually H; groups have growth
equivalent to that of H;. To show that all virtually H, groups have growth
equivalent to H,, it should be possible to generalise Theorem 4.5.1, considering

finite order automorphisms of H,.

2. With a view to proving Conjecture 6.3.3, it would be useful to have a larger
amount of data about the asymptotics of conjugacy growth in nilpotent groups.
A good place to start would be to improve the bound for free nilpotent groups

of class 2 given in Proposition 4.6.2.

3. Sénchez and Shapiro [55] study the growth of so-called higher Baumslag-Solitar
groups. These are HNN-extensions of Z™ given by the endomorphism g +— ¢°
that cubes all elements. Formal language techniques are used to show that
these groups have rational growth series, with respect to a natural choice of
generating set. Some of the techniques of Chapter 5 may allow us to study
conjugacy growth in this setting and help verify conjecture 6.1.1 for this special

case.

4. For groups with transcendental conjugacy growth, it would be interesting to
classify their algebraic complexity more finely. For example, a series is called

D-finite if it is the solution to an equation involving derivatives of finite order,
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as well as polynomials. All algebraic series are D-finite, but not vice-versa.
It would be interesting to investigate which groups admit D-finite conjugacy

growth series.
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